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Abstract 

We continue our study of lieterotic compactifications on non-Kahler complex man- 
ifolds with torsion. We give further evidence of the consistency of the six-dimensional 
manifold presented earlier and discuss the anomaly cancellation and possible supergravity 
description for a generic non-Kahler complex manifold using the newly proposed super- 
potential. The manifolds studied in our earlier papers had zero Euler characteristics. We 
construct new examples of non-Kahler complex manifolds with torsion in lower dimen- 
sions, that have non-zero Euler characteristics. Some of these examples are constructed 
from consistent backgrounds in F-theory and therefore are solutions to the string equa- 
tions of motion. We discuss consistency conditions for compactifications of the heterotic 
string on smooth non-Kahler manifolds and illustrate how some results well known for 
Calabi-Yau compactifications, including counting the number of generations, apply to the 
non-Kahler case. We briefiy address various issues regarding possible phenomenological 
applications. 
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1. Introduction 

1.1. A Brief History 

Compactifications of heterotic strings on Calabi-Yau (CY) manifolds have been an 
active area of research ever since they were proposed in Many of the basic structures 
of superstring compactifications and its relation to the topological properties of the Calabi- 
Yau manifolds were formulated in the classic work of Soon after this, Tian and Yau 
gave the first CY manifold that would give a realistic three generation model in four 
dimensions with minimal supersymmetry. Other examples (using complete intersections 
of CY manifolds) followed immediately. It was also realized simultaneously that many 
phenomenological properties could be easily studied using simple techniques of algebraic 
geometry. The phenomenological aspects of the Calabi-Yau construction led to some sig- 
nificant work in the early eighties continuing to the present. Despite the enthusiasm, it 
was realized that Calabi-Yau compactifications suffer from various weaknesses. The first 
one of them was, of course, the degeneracy problem. There are thousands of Calabi-Yau 
manifolds that could be potential solutions to string theory, giving rise to new vacua that 
are not realized in nature. A second rather important problem appears, if one takes into 
account that deformations of a given Calabi-Yau manifold, give rise to many uncontrolled 
moduli. These moduli are basically the Kahler and complex structure moduli governed 
by the Hodge numbers hn and /i2i respectively, that would remain unfixed at tree level, 
so that no predictions for the coupling constants of the standard model could be made. 
Although there were many indirect arguments, that non-perturbative effects would even- 
tually fix many of these moduli, it was never shown explicitly how many of them would 
get fixed by such effects because non-perturbative effects are many times hard to evaluate 
explicitly. One particularly important Kahler modulus, that was difficult to stabilize was 
the radial modulus of the CY. It was conjectured by Dine and Seiberg 0, that because 
of this uncontrolled modulus, all Calabi-Yau manifolds will eventually attain an infinite 
radius making naive compactification unrealistic. Many arguments to stabilize the radial 
modulus by generating a superpotential failed, because it could be shown easily, that the 
no-scale structure (at least at the supergravity level) of the scalar potential remains un- 
broken. Progress in this direction has only been made recently, as we will discuss a little 
later. 

Returning to our discussion about the degeneracy problem, one interesting step to- 
wards solving this issue was proposed by Candelas and his collaborators some time 
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ago. In this paper it was argued, that many of the CY moduh spaces are connected via 
conifold singularities. One can go from one CY to the other by shrinking a two-cycle and 
blowing up a three-cycle, in other words, via a so called conifold transition. This provided 
a way to connect Calabi-Yau manifolds with different topological data. Many interest- 
ing developments in this direction followed once non-perturbative effects in string theory 
were understood in the mid nineties. Examples of these are: the resolution of conifold 
singularities via black holes from the discovery that the previous conifold transitions are 
smooth transitions, if one takes black hole condensation into account @,[^ and mirror 
symmetry 0, to name a few. However, despite these major advances, one basic problem 
still remained: the moduli space problem. 

1.2. Recent Advances 

Some early advances in understanding the moduli space problem came from the works 
of [§] , , Ijl^ and |jTl|] , where heterotic compactifications in the presence of a torsion, that is 



not closed were introduced and analyzed for the first time. The torsion in these theories is 
generated by a background three- form fiux 0. It was argued therein, that the Ti. torsion 
relaxes the Kahler condition by making dJ ^ 0, where J is the fundamental two-form. The 
manifold could still remain complex if the torsion three-form is related to the fundamental 
two- form J by the torsional equation Ti = i{d — d)J. An explicit form of these manifolds 
was not presented in the works of and |T^, as it was difficult to realize the 

non-Kahlerity directly from the string equation of motionil. Furthermore, it was required, 
that these manifolds should have an SU{'d>) holonomy with vanishing first Chern class to 
preserve minimal supersymmetry in four dimensions. In these early works, it was already 
anticipated that, if these manifolds were explicitly constructed, they would overcome the 
Dine-Seiberg runaway problem because the radial modulus would get stabilized. But 
because of the technical difficulties mentioned above, progress in this direction was not 
made for many years, until the discovery of string dualities in the mid nineties. 



^ In these compactifications there also appeared the so called "warp factor" for the first time in 
the physics literature (to our knowledge), that has become very popular in recent times in particle 
phenomenology since the work of Randall and Sundrum. See also for an early discussion of 
warp factor in AdS compactifications. 

^ One explicit four-dimensional example, that is conformal to K3 was constructed in [|l( 
though. 
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An explicit solution to this problem came, rather unexpectedly, from a slightly dif- 
ferent direction. This involved the study of M-theory compactifications on a four-fold in 
the presence of fluxes ||13|| . In |jT^ it was shown rather clearly, for the first time, how a 
four-fold background changes in the presence of the G-fluxes of M-theory. The background 
is determined by the warp factor and constraint equations, which relate the background 
to the fluxes. Soon after this it was argued in fl^, that these constraint equations can be 
derived from a superpotential that fixes all the complex structure moduli and some Kahler 
structure moduli. The radial modulus was however not fixed. The explicit form of the 
scalar potential for the moduli fields of the dual type IIB theory was presented in the first 
reference of [1T5[] . At this point it became evident, that string compactifications with fiuxes 
lead us one step closer to finding the solution to one of the most important open problems 
in string theory. 

However, in order to describe the four-dimensional real world in which we live, we 
are interested in considering phenomenologically interesting models, in other words, we 
are forced to understand four- dimensional compactifications of the heterotic string with 
non- vanishing fiuxes and derive the corresponding potential for the moduli fields along 
the lines described above. In this way, we would get one step closer to determining the 
coupling constants of the standard model. We can do this using string dualities. 

This led to the observation that a specific background of [jl^, which is a K?> x K?> 
four-fold, can have an orientifold description in the type IIB theory. Duality chasing this 
background, it was shown in and fl^, that there exists a heterotic dual, which is 
generically non-Kahler. The torsion originates from the M-theory G fiuxes. This gave an 
explicit non-Kahler manifold in the heterotic theory. By construction the manifold was 
also compact and since all the analysis involved U-dualities, it was a specific solution to 
string theory. This showed that compactifications of the heterotic string on non-Kahler 
manifolds are indeed consistent, something that was not known in the earlier literature 
mentioned at the beginning of this section. 

Topologically, the manifolds considered in fl^ , fl^ are non trivial bundles over a 
K?> base. A detailed mathematical analysis of these manifolds was presented recently in 

and [^. What remained now was to verify whether all the conditions proposed in 
mi 5 11] 5 [0 5 [0 worked for the explicit background. 

In [jl^, a slightly simplified version of the non-Kahler manifold, proposed in [^, was 
taken. In this model the orbifold limit of the base was considered. It was shown 
that the torsional equations are satisfied and the manifold was indeed non-Kahler. The 
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radial modulus also gets stabilized along with all the complex structure moduli and some 
of the Kahler structure moduli by balancing the fluxes with the non-Kahler nature of the 
manifold [EDI . A somewhat similar fixing of the complex structure and the Kahler structure 



moduli was argued to happen for the type IIB case in the first two references of |15 



The non-Kahler background discussed above can be found by minimizing the super- 
potential computed in |T^, [^,[^, as the torsional constraint can be derived from this 



superpotential. All these solutions were shown to have zero Euler characteristics [18|,[19 



The superpotential fixes all the complex structure moduli, some Kahler structure moduli 
(the precise number is not yet known) and the radial modulus. However the dilaton mod- 
ulus remains unfixed (at tree level). This situation can be compared to the situation in 



type IIB theory. In type IIB, as discussed in ||T^, the dilaton is fixed but the radius is not. 
Whereas on the heterotic side, the radius is fixed but the dilaton is not. A more detailed 
discussion of the type IIB side for the non-Kahler heterotic example discussed in detail in 
our work is given in [^2|, while compactifications on the jZi manifold can be found in 



||23|| (See also [ p^ for an alternative argument on moduli stabilisation). 

In this paper we continue to study the heterotic theory compactified on non-Kahler 
manifolds. We give an alternative derivation of the non-Kahler manifolds that were stud- 
ied earlier and construct new examples of manifolds that have non-zero Euler character- 
istics. As we mentioned earlier, in four dimensions, all the manifolds constructed so far 
T^,|T^,[0,[0,[^ have zero Euler characteristics. This is not a problem by itself. 



m 



as zero Euler characteristic does not imply zero number of generations!. However it is 
interesting to see, whether it is possible to construct non-Kahler manifolds in the heterotic 
theory that could have non-zero Euler characteristics. Part of the fascination lies in the 
fact, that this will provide new manifolds for string compactifications, which would be 
phenomenologically more attractive and also a new fascinating area for mathematics. 

To finish this sub-section, let us comment briefiy some more on the mathematical 
aspect on non-Kahler complex manifolds with torsion. Many of the techniques applied to 
Calabi-Yau's also apply, to some extent, to non-Kahler compactifications. For example, 
one can formally count massless spectra in non-Kahler compactifications, as we discuss in 
appendix A, but as we cannot go to an a' = limit, the results of such a computation 
should be interpreted with caution. A somewhat more solid result should be the num- 
ber of generations, which can also be computed and turns out to have the same form as 



^ This will be elaborated more in later sections. 
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in Calabi-Yau compactifications. Also, in Calabi-Yau compactifications, the Donaldson- 
Uhlenbeck-Yau equation can be translated into the mathematical notion of stability. For 
non-Kahler compactifications, an analogous translation can also be performed, albeit un- 
der certain restrictions on the metric. In addition to discussing how standard methods 
from the analysis of heterotic strings on Calabi-Yau's can be applied to non-Kahler com- 
pactifications, we shall discuss some smooth examples of non-Kahler compactifications in 
later sections. 



1.3. Phenomenological Aspects 

For phenomenological applications we can use some of the results (with some modifica- 
tions) that are used for ordinary CY compactifications. Here we will follow the discussions 



given in ||2^ , though with one key difference: we no longer can embed the spin-connection 



into the gauge connection. What we require is an SU{5) or SO{10) gauge group from 
a unified point of view, which can eventually yield us SU{3)c ® SU{2)l ® U{1)y gauge 
group in four dimensions. This can be achieved by giving vacuum expectation values to 
some of the scalars in four dimensions (recall that the flux quantization keeps some of the 
Kahler moduli unfixed). We also require that there should be Yukawa couplings that are 
phenomenologically useful. As pointed out by |^ the string induced phenomenological 
models should be able to (a) produce massive quarks and leptons, (b) produce almost 
massless neutrinos and (c) show a very slow proton decay. The unbroken Eq gauge group 
can have particles that would mediate proton decay. Therefore to have very slow decays 
we would require superheavy particles. 

This brings us to the the first simple case of Eg breaking to Eq x SU{3). This is the 
case considered so far in the Calabi-Yau literature. We can easily rule out the situation 
where A = w as we do not have the standard embedding of spin connection into the gauge 
connection. But we can have a different embedding of the SU{3) gauge bundle that does 
not satisfy the standard equation. One would have to check the precise way we can embed 
the SU (3) bundle and still satisfy the DUY equation. The next interesting possibility 
would be to have an SU{4) bundle on the non-Kahler manifold. This would mean that 
we have an SO{10) gauge group in space-time. The SO{10) gauge group is, of course, 
very useful for a unified model. However, the choice of 5*0 (10) gives rise to many moduli 
from the gauge bundle that are difficult to stabilize. We have to make sure that many of 
the particles that would in general allow proton decay pick up a very large mass without 
ruining the consistency of the whole picture. This is in principle possible but the analysis 
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looks a little contrived. We can do better than this by having an SU{5) bundle on the 
non-Kahler space, implying that the Eg group breaks to SU{5) x SU{5). This situation 
is nice in the sense that the SU{5) group is one of the groups considered in grand unified 
theories [^. We now need to see how the irreducible representations of Eg decompose 
under SU{5). This is easy to work out from the Eg Dynkin diagram 



o 



o — o — o — o — o — o — o — o 

1 2 3 4 5 6 7 X 



where we have used x to denote the extended root of Eg. The 248 of Eg can be easily 
seen to decompose under the A4 Dynkin diagrams as 

248 = (24, 1) + (1, 24) + (10, 5) + (10, 5) + (5, 10) + (5, 10) (1.1) 

where we have the 24, 10, 5 of SU{5) and their conjugates. The various unrequired 
moduli will then become massive. Whether the choice of background fiuxes can do this 
job, remains to be checked. We leave this for future work. 

Consider next the possibility of an SU{6) gauge bundle. This would imply that the 
Es breaks to SU (2) x SU (3) x SU (6). This is almost (but not quite) the gauge group that 
we need, because of the absence of the U{1) factor. If we ignore the U{1), the 248 of Eg 
can be shown to decompose as 

248 = (3, 1, 1) + (1, 8, 1) + (1, 1, 35) + (1, 3, 15) + (1, 3, 15) 

(1.2) 

+ (2, 3, 6) + (2, 3, 6) + (2, 1,20) 

It is easy to recognize the standard model structure here (without the U{1)). The first 
two are the 11 vector bosons and the next fields are the Higgs in 35 representation. The 
rest of the fields are the singlet quarks and the weak doublet quarks. 

To finish this discussion, one can consider an SU{2) bundle on the non-Kahler space. 
This breaks Eg to Ei x SU{2). Phenomenology with Ej is interesting. It has a maxi- 
mal subgroup of SU{3) x SU{6). Now SU{6) has many subgroups, one of them being 
SU{3) X SU{3) X U{1). This would imply, that we have three SU{3) subgroups and one 
U{1) subgroup. Identifying one SU{3) as the color group of the standard model, the other 
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SU(3) X SU (3) breaking down to a diagonal SU (2) might give us a reasonable phenomeno- 
logical model. Again, how this breaking appears explicitly in our set up with fluxes needs 
to be worked out (see for some recent discussion of the phenomenological aspects of 
flux compactiflcations) . All these issues are beyond the scope of the present work and will 
be addressed elsewhere. 



1.4- Organization of the paper 

This paper is organized as follows. In section 2 we discuss properties of generic non- 
Kahler manifolds. We include the study of Gauduchon metrics and the corresponding 
a' corrections. We discuss the existence of vector bundles on these manifolds, their sta- 
bility and the solutions to the Donaldson-Uhlenbeck-Yau (DUY) equation, and also redo 
computations of the number of generations in this non-Kahler context. We also discuss 
some more properties of the superpotential computed in |jT^, py]and [^. We show, that 
iterative techniques are powerful enough to reproduce the background values of the three- 
form flelds to any arbitrary order in a' (when the underlying space is an orbifold). The 
knowledge of the complex three- form fleld and the superpotential to all orders in a' allows 
us to make predictions for the ten dimensional low energy supergravity lagrangian of the 
heterotic theory order by order in a' . We compare the terms of the four dimensional la- 
grangian, that can be obtained from a dimensional reduction with the recent computation 
of and flnd agreement. However, our approach is more powerful, as it allows us to 
make predictions for the form of the ten dimensional effective action of the heterotic string 
to all orders in a'. 

Next we discuss more speciflc examples. In section 3, we study non-Kahler compactifl- 
cations to six space-time dimensions. We elaborate the earlier studied example of torsional 



K3 manifold appearing in the work of Strominger |]T^. In section 3.1 we show that the 
conformal K3 example cannot be thought of as the dimensional reduction (to eight dimen- 
sions) of the previously studied model |T^],|T^], |T^, due to F-theory monodromies 
and radial modulus stabilization in the heterotic theory. In section 3.2 we elaborate the 
conformal K3 example by duality chasing it to a IIB Gimon-Polchinski type model. Due 
to subtleties of fluxes in six-dimensions, we consider only non compact examples (though 
we show that our analysis easily overcomes the no-go theorems in six dimensions). The 
mapping to the type IIB models (and then to F-theory model) is subtle due to the two- 
fold ambiguities in the orientifolding action. We discuss this issue and consider the (3,243) 



model in F-theory, that is directly related to our case. We also evaluate the precise F-theory 
three fold, that corresponds to the torsional K3 with fluxes. 

The analysis done in section 3 can be given an alternative description purely in terms 
of branes instead of fluxes. In section 4 we elaborate on this and argue, that the background 
metric (given in terms of the warp factors for the manifolds with fluxes) can be written 
in terms of the metric of branes sitting at a point on the manifold. This can be done by 
relating the harmonic functions appearing in this context to the warp factors previously 
used. Using this we give an alternative picture of the six dimensional compactiflcations by 
replacing the torsion with NS5 branes. We show that this can also be done for the four 
dimensional compactiflcation by replacing the three form fluxes (in the type IIB picture) 
with D3 branes, or the torsion on the non-Kahler manifold by wrapped NS5 branes. 

We then discuss non-Kahler compactiflcations to four spacetime dimensions in section 
5 and study some aspects of the non-Kahler manifolds of []T^ , []T^ , []T^ , |]T^ using different 
techniques. The advantages of this alternative perspective are two-fold: one, we can show 
the consistency of the manifolds studied earlier in a different way and two, this gives us 
a way to study non-Kahler compactiflcations with non-constant three form fluxes. Recall 
that all the earlier examples were developed using constant three form background fluxes. 
Section 5.1 is devoted to this aspect. We show that in the type IIB theory there exists a 
brane- box-like conflguration, with the sides of the box made with NS5 branes, embedded in 
a non-trivial Taub-NUT background that can give rise to the non-Kahler manifold that we 
studied earlier. We show how the two NS5 branes are responsible to twist the flber torus 
on the dual side. We also show that the gauge bundles (that we expect on the heterotic 
side) appear naturally if we incorporate the F-theory monodromies carefully. 

In section 5.2 we consider the number of generations for these type of compactiflca- 
tions. We use the formula derived earlier in section 2 for the toy example of [/(I) bundles. 
We explicitly study the local case of DUY equations for this bundle and compute the 
solution to this equation. The usual DUY equations get modifled by the addition of a 
constraint on tr F A F from the torsion. Solving these set of equations give us a possible 
embedding. We use this to evaluate the number of generations for our case taking into 
account the possibilities of (a) non trivial warp factors, (b) torsion and (c) non- standard 
embedding. 

The non-Kahler manifolds studied earlier and in section 5 all have zero Euler charac- 
teristic. In sections 6 and 7 we give examples of non-Kahler compactiflcations down to four 
spacetime dimensions, that have non-zero Euler characteristics. In section 6 we provide 
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some smooth examples. We study the examples of connected sums of x manifolds 
in section 6.1. In section 6.2 we study examples of non-Kahler manifolds that could be 
generated from flops of Calabi-Yau manifolds. We discuss in detail how bundles on these 
manifolds follow through flops and construct examples of elliptically flbered non-Kahler 
manifolds that appear from flopping an elliptically flbered Calabi-Yau. 

In section 7 we give some more examples of compactiflcations with non-zero Euler 
characteristics. These examples are of orbifold kind and can be duality chased from a 
consistent orientifold background of F-theory. In section 7.1 we give some details on the 
duality chasing from consistent four-folds in F-theory. These orientifold examples are subtle 
again because of ambiguities in the orientifolding action. In section 7.2 we analyze the 
corresponding type IIB background keeping the axion-dilaton and the Euler characteristic 
of the four- fold arbitrary (to avoid the subtleties). We give a detailed discussion of the 
moduli fixing in the type IIB picture by solving all the background equations generated by 
minimizing the superpotential with respect to the axion-dilaton modulus and the complex 
structure of the manifold r. We specify a possible background that gives rise to a complex 
manifold in type IIB theory. In section 7.3 we go to the heterotic theory by making a 
set of U dualities. The manifold on the heterotic side is generically non-Kahler and has 
non-zero Euler characteristics. We determine the flbration structure of the manifold and 
specify the torsion explictly. 

Section 8 is dedicated to discussions. We discuss various unresolved issues, that ap- 
peared in earlier sections and study some aspects of phenomenology and de-Sitter space- 
times. 

In the appendix A we use a sigma model description of the heterotic string to calculate 
the massless spectrum appearing in our theory. Even though, some of the assumptions 
entering the calculation do not necessarily have to strictly hold for our case, we still hope 
to obtain some qualitative information from this calculation. 



Note Added I: As the draft was being written there appeared a paper discussing 
the gaugino condensate that would flx the dilaton modulus in the heterotic theory p9[] . 
Similar arguments have been reached independently by S. Prokushkin IpO]. We have also 



been informed that some related results have been worked out for the CY case in 31 



Note Added II: In recent times there have appeared several articles on the net 
3^,|3^] and ||3^, discussing the question on how many vacua there exist in string theory 
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compactifications with fluxes. Since fluxes satisfy the Dirac quantization condition one 
would think, in principle, that there is still an inflnite number of string vacua, labeled by 
a discrete integer, so that the predictive power of string theory gets lost. However, this 
is not strictly correct and different solutions to this problem have been proposed. One 



of them involves the anthropic principle, as discussed in [32]. A different approach was 
taken by and |0. In |Q it is discussed how many vacua string theory actually has, 
and what this means for the predictivity, raising precisely questions such as whether the 
number is flnite or inflnite, and explaining how getting good estimates could help make 
predictions (or, depending on the results, could suggest that certain predictions cannot be 
made) . In [|3^ the number of type II supersymmetric flux vacua is counted and it is shown, 
that under a simple physically motivated constraint this number can actually be flnite. 

However, we have an even more optimistic point of view, that a selection principle 
will hopefully be found that picks out a small number of vacua (and maybe just one) out 
of this large number of vacua. A nice discussion on these issues has recently appeared in 
13! 



2. Generalities 

We start with some general properties of non-Kahler compactiflcations. Our aim is 
to build a framework that can be used to study speciflc examples later on. We will mainly 
be interested in compactiflcations of the heterotic string on these type of manifolds. 

2.1. Review of Consistency Conditions for Heterotic Compactifications 

Let us briefly review some necessary conditions for consistent non-Kahler compactifl- 
cations. Recall that for compactiflcations without flux, unbroken supersymmetry implies 
the existence of a complex structure and a Kahler structure, together with a nowhere-zero 
holomorphic top form. These are the conditions required for a space to be Calabi-Yau and 
they are formulated in terms of a covariantly constant spinor on the internal manifold. 
Conversely, given a Calabi-Yau manifold it can be shown that one is guaranteed to have a 
corresponding covariantly constant spinor. 

A similar situation appears for compactiflcations on manifolds with torsion that were 
considered by Strominger in [jl^. The compactiflcation manifold turns out to be complex 
and have a nowhere-zero holomorphic top form, but the manifold is not Kahler. Rather, 
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derivatives of the fundamental (1,1) form derived from the metric are related to the torsion 
background. 

So far we have only discussed constraints on the underlying background manifold with 
torsion. Additional constraints exist on the non-abelian gauge field of the heterotic theory. 
For both, Calabi-Yau compactifications and the non-Kahler compactifications discussed 
here, the gauge field must be holomorphic, meaning 

F,, =F^ = 0, (2.1) 

i.e the (0,2) and the (2,0) part vanishes, and it must also satisfy the partial differential 
equation 

g^'^F,-^ = 0, (2.2) 

where Fi-j is the curvature of the gauge field. This partial differential equation is known 
as the Donaldson-Uhlenbeck-Yau equation and it will be discussed it in greater detail in a 
later section. 

Moreover, in both cases the anomaly cancellation condition 

dn ^ tr R A R- — Tr F A F, (2.3) 
30 ' ^ ' 

must be satisfied. However, in contrast to Calabi-Yau compactifications of the heterotic 
string, in a the non-Kahler case it is not consistent to embed the spin connection into the 
gauge connection, see [^, . 



Finding explicitly non-Kahler backgrounds for the heterotic string is, as should by 
now be clear, somewhat more complicated than finding explicit Calabi-Yau compactifica- 
tions. A list of conditions that non-Kahler complex manifolds have to satisfy to lead to 
supersymmetric theories was given in [jl^. To check the consistency of the non-Kahler 
compactifications we are interested in (which are all supersymmetric), we will use string 
duality arguments. 

2.2. Gauduchon Metrics and a' Corrections 

There are two analogues of the Kahler condition that will play an important role in 
the mathematical analysis relevant to many parts of this paper. First, one says that a 
complex hermitian manifold is strong Kahler torsion if the metric has the property that 
the (1, 1) form 

J = ig-j dz' A di^ (2.4) 
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obeys ddJ = 0. Furthermore, the complex hermitian manifold is said to be Gauduchon if 
J has the property ddJ^~^ = 0, where n is the complex dimension of the manifold. These 
conditions are ubiquitous in relevant mathematics, and appear at numerous points in this 
paper. Physically, the strong Kahler torsion condition is equivalent to the condition that 
dn = 0. 

Strictly speaking, the physical metric in a non-Kahler compactification will never be 



strong Kahler torsion; see for example [^. Nevertheless, we can still consistently use 
results about strong Kahler torsion and Gauduchon metrics so long as ol jr^ is small (r 
being the radius of the six manifold), the same regime in which target-space supergravity 
is a good approximation. In particular, the warp factors mentioned above are l-|-(9(a'/r^), 
and dH = Ola'/r"^). If a' /r'^ is small, then the warp factors are approximately 1, and 
dH is approximately zero. Thus, our program is to expand perturbatively about strong 
Kahler torsion metrics. Since the size of the internal manifold is determined by the fluxes 
(which in principle can be pretty large) the quantity a'/r^ can be sufficiently small so that 
quantum corrections can be consistently incorporated. 

2.3. Stability and the DUY Equation 

In both Kahler and non-Kahler compactifications the heterotic gauge field miist satisfy 
the Donaldson-Uhlenbeck-Yau (DUY) equation: 

g^'F^j - 0. 

as we mentioned above. This constraint arises as a D-term in heterotic theories IBB 



be seen by dimensional reduction of the ten-dimensional gaugino supersymmetry variation 

Sx = F^^r^'-e (2.5) 

to a D-term-type piece in the supersymmetry variation of the low-energy gaugino: 

5x = F,-^g~^e. (2.6) 

The fact that the DUY equation is realized as a D-term can also be seen via realizations 
of Kahler cone substructure , as will be discussed below. 



Now, solving partial differential equations can be very hard, but we can convert this 
into a problem in algebraic geometry. On a Kahler manifold, (holomorphic) gauge fields 
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that satisfy the DUY equation are equivalent to "Mumford-Takemoto stable" holomorphic 
vector bundles. In the following we will denote by £ the holomorphic vector bundle defining 
the gauge bundle. Moreover, we denote the Kahler form by J, and for a holomorphic vector 
bundle on an n-dimensional Kahler manifold X, define the quantity ^i{£) (known as the 
"slope" of £) by 

m = ^ . (2.7) 

Then, £ is said to be "Mumford-Takemoto stable" (and the associated gauge field satisfies 
the DUY partial differential equation) if for all 'suitable' subsheaves J-', 

//(^) < f,{£). (2.8) 

The formulation of stability as an inequality can be very useful from the algebraic geometry 
point of view, unlike the formulation as a partial differential equation. For example, the 
construction of bundles on elliptically-fibered Calabi-Yau manifolds described in ||3§ 



are 



designed to give stable bundles, at least when the fibers are much smaller than the base. 

On non-Kahler manifolds, the subject of this paper, there is an analogous statement. 
Assume that the metric is Gauduchon, and define J to be the (no longer closed) (1,1) form 
associated to the metric in the usual way, then the gauge field associated to a holomorphic 
vector bundle £ will satisfy the DUY partial differential equation if and only if £ is stable 
in the sense that /u(jF) < fx{£), for 'proper' and fi defined just as above. See P0[] , 
4lJ] for more information on relevant mathematics. 



Stability clearly depends upon the metric. For heterotic compactifications on Kahler 
manifolds, this metric dependence is well- under stood Briefiy, the Kahler cone breaks 



up into subcones, with a different moduli space of bundles in each subcone (related by bi- 
rational transformations). As one approaches a chamber wall, some stable bundles become 
semistable and then unstable. If one has compactified on a stable bundle that is becoming 
semistable, then in the low-energy effective theory, one gets a perturbatively enhanced 
U{1) gauge symmetry, under which some of the formerly neutral moduli become charged. 
D-terms realize the change in moduli space. (Thus, again we see that stability is realized 
physically via D-terms in the low-energy effective theory.) (For bundles on D-branes, this 
phenomenon is mirror to a phenomenon involving the behavior of special Lagrangian sub- 
manifolds under changes of complex structure; see [0.) We expect that closely related 
phenomena should happen in non-Kahler compactifications, though unfortunately there 
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do not seem to be any relevant mathematical studies of such phenomena for non-Kahler 
cases. 

For most of this paper we shall not consider stability. A more detailed discussion will 
be relegated to future publication. 

2.4- Number of Massless Fermion Families 

Let us turn to a slightly different subject and discuss some generic phenomenological 
issues. In the following we will discuss the counting of the number of massless fermion 
families in Kahler and non-Kahler compactifications. 

Review of Calabi — Yau results 

We begin by reviewing the counting of the number of generations in a standard large-radius 
compactification of the heterotic string on a Calabi- Yau manifold. A detailed discussion 



of this counting in the perturbative regime can be found in . To be brief, the massless 
modes are counted by sheaf cohomology groups, which are realized as c)-cohomology on 
bundle-valued differential forms, which are in one-to-one correspondence with the BRST- 
invariant massless right-moving Ramond-sector states. (More generally, vertex operators 
always look like bundle- valued differential forms, except in open strings [|4^, where 



nontrivial boundary conditions can realize spectral sequences involving bundle- valued dif- 
ferential forms.) For example, if the gauge bundle S has SU{3) structure group, breaking 
an Eg to an Eq, then the number of 27's is counted by H^{X, £) and the number of 27's is 
counted by H^{X, where the V superscript denotes the dual (an asterisk is sometimes 
used instead). So, the net number of generations is counted by 

dimH\X,S'^) - dimH\X,S). (2.9) 

Similar remarks hold for gauge bundles of other rank; We will omit a detailed discussion. 

For the cases that we are interested in, the condition ci{S) = is satisfied. We will 
assume this condition henceforth since it is also required for examples with torsion. For 
stable bundles £ on Calabi- Yau threefolds X with ci{S) = 0, it is typically the case that 

H^{X,S) = = H^{X,8^). (2.10) 
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Furthermore, Serre duality on a Calabi-Yau threefold X implies that 

H^{X,S) = H\X,S 
H^{X,£) = H^{X,£ 



(2.11) 



where the asterisk * indicates the dual group. This has the same dimension as the group 
without asterisk. Since we are only interested in dimensions, we will ignore the *'s from 
now on. Hence, the number of generations can be counted by 

iVgen = Yl (-)'dim WiX,S). (2.12) 



Now, we apply the Hirzebruch-Riemann-Roch theorem [^, which says 



V (-)Mim if*(X,f) = / Td(TX) Ach(f). (2.13) 

Jx 

Simplifying the right-hand side for a holomorphic vector bundle S with ci{S) = on a 
Calabi-Yau, we compute 

N,,^ = J2i-ydunW{X,S) = ]-! cs{S). (2.14) 
• Jx 

Despite the factor of half in the above result, the number of generations does turns out to 
be an integer. Thus, we see that the number of generations is proportional to the third 
Chern class of the gauge bundle. 

Non — Kahler Backgrounds 

In a large-radius non-Kahler compactification, the analysis above can be repeated, with a 
few minor modifications. 

One approach is to calculate massless spectra on the world-sheet, following both [H3| 



and 5 we review in appendix A. The massless spectrum is counted by a type of H- 



twisted sheaf cohomology, or more precisely, (9-|-if)-twisted cohomology, closely analogous 
to the pattern laid down in both and [^. Applying an index theorem by Bismut we 
find that the number of generations is again given by half the third Chern class, just as in 
standard large-radius Calabi-Yau compactifications (and also under the same conditions 
as in large-radius Calabi-Yau compactifications). Alternatively, one can work in target- 
space supergravity, following [Q, and again one recovers the same result for the number 
of generations. 
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In order to help illustrate these ideas, we will discuss in section 5.2 the number of 
generations in a simple example. This example consists of a heterotic compactification 
involving a, U{1) bundle over a non-Kahler manifold given by a T^-bundle on K3. 



2.5. A Note on Orbifolds in Flux Backgrounds 

For much of this paper, we will be considering fluxes in orbifold backgrounds. In the 
following we would like to review a subtlety which appears when trying to make sense of 
degrees of freedom in such orbifolds. 

Degrees of freedom appearing in orbifolds such as orbifold Wilson lines, discrete tor- 
sion, shift phases, "localized fluxes," etc., are all ultimately due to an ambiguity in deflning 
group actions on flelds with gauge invariances. Given any one group action, one can com- 
bine the group action with a set of gauge transformations to get another group action. 
This is precisely the historical description of orbifold Wilson lines, and applies in other 
cases as well. 

To deflne an orbifold, one must always make some choice of group action. In a 
background with no fluxes, or 'trivial' fluxes, there are always group actions, and more to 
the point, there is a canonical group action, and so it makes sense to speak of "turning on" 
and "turning off" various degrees of freedom - when the degrees of freedom are "turned 
off," one is using the canonical trivial group action on the flelds. 

However, when one has backgrounds with nontrivial fluxes, there are two subtleties that 
can come into play: 

1. Group actions might not exist. 

2. When they do exist, none can be considered a canonical trivial choice, and so there is 
no way to "turn off" the degrees of freedom. 



See [^, [^OIj ^iid fSll] for discussions of these subtleties in the case of discrete torsion, 
described as a group action on the B fleld. 

Let us consider two simple examples in which group actions do not exist. 

First consider an S"^ action on the principal U{1) bundle over S'^ corresponding to the 
Hopf flbration. As everyone who has taken a quantum mechanics class knows, one must 
rotate the S"^ twice for the total space of the bundle, namely S^, to rotate once. If we 
consider an action on the S'^ base that rotates about a pole, then in order to be able to 
lift the group action to a group action on the bundle {i.e. for the lift of the group to be the 
same group), since a rotation by 360 degrees on the base is equivalent to the identity, we 
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must require that a rotation of the total space by 360 degrees also be the identity. Since 
that cannot happen here, we see that the action on the base does not lift to the bundle. 

Second, consider a nontrivial B field on classified by 1 G H^{T^,Z). Consider 
the group 5"^ again, acting on the by rotations of one of the circles. We can find out 
whether any group actions exist by looking at the fiber in equivariant cohomology of the 
map Hq{T^, Z) H^{T^ , Z). In the present case, the group acts freely, so Hq{T^, Z) = 
H*{T^/G,Z). But T^/G = T^, and has no degree 3 cohomology, hence this group 
action on the base space does not lift to the B field at all. 

Neither this nonexistence issue, nor the non-canonical-property issue, will arise in any 
of the orbifolds in this particular paper. However, in general when considering orbifolds in 
flux backgrounds, it is extremely important to take these subtleties into account. 

2. 6. Superpotential and the Torsional Equation 

We now discuss some issues regarding the superpotential and its relation to the tor- 



sional equation. We shall discuss the iterative procedure developed in |T^ and [gO[ to 
determine the complex three-form G, which enters into our closed (i.e. to all orders in a') 
expression for the superpotential. We shall also see, that our superpotential allows us to 
make predictions for higher order interactions in the heterotic string, that have not been 
known in the literature so far, when we discuss the supergravity description. 

Recall that the torsion of the heterotic background is partially generated by switching 
on three-form fluxes dB. In our earlier studies, we switched on three-form backgrounds that 
were constants. This choice of constant fluxes flxes the complex structure of the manifold 
to i and also flxes some of the Kahler structure moduli by generating a superpotential and 
a D-term. One important Kahler structure moduli, that is flxed is the radial modulus (see 
23 and [|T|]). 



We now briefly review some generic results, which apply for compactiflcations on 
more general manifolds that may or may not be complex, than the particular example 



discussed earlier in detail in [^,[|T^. The superpotential and D-term for the heterotic 
theory compactifled on a non-Kahler complex manifold with torsion and vanishing Euler 
characteristic were flrst constructed in and later, in a more elaborate way in 



(see also for an alternative derivation of the superpotential). Contrary to the usual 
expectation (and from earlier papers), the superpotential is complex and can be written 
explicitly in terms of the real three-form Ti and the fundamental two-form J as 



W 



[ {n + idJ)An, (2.15) 

J Ma 



'Me 
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where J may not be integrable for generic choice of fluxes, and O is the holomorphic (3, 0) 
form on the non-Kahler manifold M.q defined wrt the almost complex structure J. 

The above form of the superpotential is of the generic form j G A Q, which further 
implies, that the three-form appearing in the superpotential of the heterotic theory should 
actually be a complex one. This three-form captures most of the essential properties of 
the heterotic compactification on non-Kahler complex manifolds. Of course this does not 
imply that the three-form, that would appear in the torsional equation should be complex; 
rather the complex three-form G, that is anomaly free and gauge invariant is more useful 
to study the dynamics on Aig. Observe, that for Kahler manifolds dJ = and therefore 
the superpotential (2.15) takes the usual form given in the literature (see e.g. and 



The torsional equation derived first by Hull and Strominger in and respectively 



follows easily from the superpotential (2.15) by imposing the imaginary self-duality (ISD) 
condition on the complex three-form G as *qG = iG, where *q is the Hodge duality 
operation on the internal six manifold. The above relation gives us [pO|@ 



n = -*dJ = i{d-d)J, (2.16) 
as the torsional equation for the background. The fact, that the background given in 



Tg],[T^],[^ and satisfies the torsional equation has been shown explicitly in 



without the gauge fields and in |jT^ with the gauge fields. One important point, that needs 
to be mentioned now is, that even though the background has been derived following 
duality chasing of a consistent type IIB background (which is one of the constant coupling 
scenarios of F-theory compactifications) the naive T-duality calculation applied to the type 
IIB superpotential does noi reproduce the superpotential, that we get in (2.15). In fact, the 
naive T-duality will give us the imaginary part to be proportional to the spin-connection. 
As we saw in |^^, the complex three- form, that actually solves the anomaly equation is 
given by 

G = n + iu:eff: (2.17) 



where u>eff is an effective spin-connection. In |^0[ it was shown explicitly (at least for a 
conformally CY background), that uJeff = dJ. This fact cannot be derived using simple 
duality chasing arguments, because these duality rules hold only to the lowest order in a' . 



Our equation differs from |10|| by a sign. In |1C] the torsion is taken as —Ti. 
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Solution to the Anomaly Equation to all Orders in a' 



The goal of this section is to use the iterative procedure developed in |^ to determine the 
value of the complex three-form G. We shall see, that the simple ansatz made in formula 
(3.5) of is not needed in order to find the solution for G. Recall, that the basic idea 



presented in p^], is that in the presence of torsion the complex field G, captures more 
properties of the non-Kahler compactifications than the real three-form 7i. However, the 
real three-form is still important because it appears in the supersymmetry relations and 
the torsional constraints. In fact, as mentioned below, the complex three- form can be 
written in terms of the real one. Therefore, one should interpret the complex three-form 
as being constructed out of the real three-form plus other contributions. However, any 
arbitrary combination of forms will not be anomaly free. Therefore, we have to look for 
a combination, that is anomaly free and gauge invariant. Some aspects of this have been 



discussed in [jT^ and [^, where the anomaly equation was solved to cubic order in a'. 
Here we will show, that the iterative techniques can be extended to all orders in ol' without 
making any approximations. 

Incorporating all orders of ol' it is easy to show, that the generic form of the three-form 
is given by the expression 

G = {an^i<&A)^i {dJ ^B), (2.18) 

where li, is the real root of the anomaly equation, J is the fundamental two-form on the 
non-Kahler space, as defined earlier and a is a constant. Also, A and B are in general 
functions of the torsion- free spin-connection and / is the flux density defined in our 
previous papers |T^ and |]2^. In this form we expect G to be anomaly free and gauge 



invariant. Therefore, up to possible gauge invariant terms the above ansatz for G should 
solve the anomaly equation. Considering only the first orders in a' of this equation, we 
had previously found a cubic equation, where it was shown explicitly , that A = 5 = 
is a solution. Therefore G is given by the expression 

G = arL + idJ. (2.19) 

Here we are ignoring the warp factors. Now in the presence of A and S, which may appear 
to higher orders in a' , the imaginary self dual (ISD) condition on our background will 
imply (ignoring possible constants) 

H = - ★e dJ {A + B). (2.20) 
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There could be two possibilities now: (a) The torsional constraint derived earlier and 
mentioned above is invariant to all orders in a' . In that case we expect A = —B; or 
(b) The torsional constraint receives corrections. In that case the corrections would be 
proportional to {A + B). 

In the following discussions we will try to see how much can be said regarding the 
above two possibilities using iterative techniques. We begin with the anomaly equation 

G + ^Tr (uj ^dG-\uJ ^G ^G + G mz^-\g ^dG+\G ^G ^G \ = f, (2.21) 



where TZ^^ is defined in |]2^ and G is a one-form created out of three-form G by using 
the vielbeins. We will not take any 0{a') corrections to the above equation into account 
and assume that the supersymmetry transformations receive corrections to higher orders 
in a' . We now demand, that the equation (2.21) should be solved by a complex G. Let us 
therefore use the following ansatz for the three-form 

G = (ifo + a'H^ + a''^H2 + ...) + ^(/lo + a hi -f a"/i2 + •••), (2-22) 

a 

where Hi and hi are independent of a' and we have kept an overall factor of a'"^. Here m 
is a constant to be determined soon which appears as a prefactor in front of the imaginary 
part. This will be important for finding the functions H and h. Furthermore, the vielbeins 
will also have an order by order expansion as 

e — eo -\- OL e\ -|- a'^e2 + ot^ei, + (2.23) 

implying, that any expression constructed out of these should also have an order by order 
expansion in ol . This means, in particular, the spin- connection and dJ should be expressed 
in such a series 

a; = Wo + OLUj\ -|- ol'^uj2 + a'^ws -f 

(2-24) 

J = Jo + OL J\ -\- J2 + ot'^Jd, + ... 

In the analysis below, for simplicity, we will only consider terms that are zeroth order in e 
and uj i.e eo and Uo- It is not very difficult to take all orders into account, but we will not 
do so here. 
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(a) Finding ho 

The equation satisfied by ho can be easily determined by equating the imaginary parts of 
(2.22) after substituting into (2.21). This gives us the foUowing equation 

+ ^ ^0 A rf^o + /^o A /lo A /lo + -^^^^ kAhAh + ...) . 

(2.25) 

To determine m we need to identify the powers of a' on both sides of the expression. It is 
easy to discard the powers of a' that go as m — 1 just by comparing the LHS and RHS of 
the above equation. However, we see, that there could be, in principle, an infinite series 
of terms suppressed by powers of a' , that grow as 3m — n, where n is an integer. But this 
ambiguity is easily resolved, if we consider the fact that, to the lowest order in a', we have 
to reproduce a cubic equation, as discussed in [|l9l and l2^] . This fixes the value of m to 



m = ^ , as we obtain m = 3m — 1 from the previous expression. Once m is determined, we 
see that the equation satisfied by ho is 

ho - ^ho A ho A ho = 0. (2.26) 

For the simplest case, that we considered in our previous papers we took only one compo- 
nent of ho into account and absorbed the traces of the holonomy matrices and the constants 
into the definition of t, the size of the six manifold. Doing this will tell us, that 



ho = V¥, 



exactly as predicted in []T^ and But in general one needs to solve (2.26) to determine 
all the components of ho- Observe, that (2.26) is an algebraic equation and therefore the 
solutions are straightforward to obtain. In fact, we will show, that the iterative technique, 
that we are applying, gives solutions in terms of algebraic equations only. 

(b) Finding Hq 

To determine Ho we need to equate a' independent terms in the above equation. One has 
to be careful though with the imaginary parts, since they come with different powers of 
a'. Taking this into account, the equation satisfied by Ho is given by 

Ho + ylV (^-^ uJoAhoAho + ^hoAdho-^HoAhoA ho^ = /, (2.27) 
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where a factor of 3 in the fourth term appears because the three copies of Hq A ho A ho 
contribute equaUy. The above expression is basicaUy the polynomial equation, that one 
we should solve to get the functional form of Ho- Observe, that all the derivatives act on 
ho, whose value we have already determined. We can now use the simplification, that was 
made in |T^ and (see the simple ansatz written in (3.5) of [0). This will give 



Ho = -^ + ^Tr{hoA dho) + ^Tr {ujo A ho A ho). (2.28) 

The first term is exactly the expression derived in our earlier papers. The other terms 
should be regarded as corrections. 

(c) Finding hi 

To determine the functional form of /ii, we need to equate terms, that are proportional to 
i\foii . Again, we need to be careful, because the real and the imaginary parts of G will 
mix non-trivially. The equation satisfied by h\ is a little more involved (as expected) but 
again is given in terms of a polynomial equation as 

hx - -ho AhoAhi = --Tr (uq A dho) + -Tr {uo A Ho A ho) 

\ I ^1 (2.29) 

- -Tr {ho A 7^^J + -Tr {Hq A dho + ho A dHo) - -Tr Ho A Hq A Jiq. 

The RHS of this equation contains expressions, that we have already determined. The LHS 
is written in terms of ho and hi, as an algebraic equation, whose solution will determine hi 
completely. It is again interesting to use the approximation, that we have been performing 
above. This gives us 

ft, = -i^ + ..., (2,30) 

as we might have expected. The explicit value appearing above comes from the cubic term. 
Ho A Hq a ho, when we use the lowest approximation for Ho derived in (2.28). The dotted 
terms in (2.30) can be easily estimated from the known values of Hq and ho. We can 
similarly proceed to determine all the other terms in the definition of G (2.22). Although 
straightforward, the higher order terms increasingly become more and more involved. 
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(d) Finding the real root 

Now instead of computing higher order terms of G in (2.22), let us consider the real root 
of (2.22). Our aim is now to see, whether we can write the complex root G as (2.18). For 
this purpose we take the following ansatz for the real root Ti 

n = no + a'Hi + a'^n2 + a'^Hs + .... (2.31) 

This real root will be the one, that appears in the torsional equation and therefore the 
components Tii are to be determined exactly. We can indeed achieve this from our previous 
analysis. Plugging this ansatz for 7i into the anomaly equation (2.21) we get 

T^o = /, 

1^ r . . . „ 1. 1. . A (2-32) 



ni = -Tr (^^0 A / A / + / A 7^^„ + -/ A rf/ - -/ A / A / 

and further terms of higher order. In fact, using the simplified approximation we can 
immediately see, that the familiar values of Hq and Hi are reproduced. As usual, the 
other terms should be regarded as corrections. Observe also, that using the real root Ti. 
we can easily see, that the complex root does follow from the ansatz (2.18) as 

G = -- + i<eA + iJ^, (2.33) 

where A can be determined from the above analysis. We also require the imaginary part 
of (2.33) i.e. JF, to resemble the imaginary part of (2.18). This will determine B. From 
here we see that A ^ —B to this order in a' and therefore the torsional equation should 
receive corrections in a' to this order. 



This is an important result, which to this order differs from the expectation of |jTC 
where only the leading order in a' of the supersymmetry constraints was evaluated and no 
higher order corrections in a' were expected to appear in the solution to these constraints. 



As opposed to [|T0[ we are working with a complex three-form G 

G = dB + a' 



nsiu~^G)-ns{A) 



(2.34) 



As should by now be clear, we observe that the three-form itself appears in the Chern- 
Simons term, something that was not taken into account in (because this term is higher 



order in a'). Thus, as opposed to fT^, we have to solve iteratively for G to obtain the 



24 



solution for G, as we have done above. This procedure can be performed to an arbitrary 
order in ct', but gets more cumbersome to higher orders. It would be interesting to find a 
closed expression, that solves the determining equation for G (2.34) to all orders in a' . This 
closed expression in a' would tell us for sure, whether the solution from the supersymmetry 
constraints receives corrections in a! . It would then be interesting to verify if ei^2 in 

*6^ + ei = iA + t2 = -iB, (2.35) 

are non-zero. Here ei,2 measure the deviation from ISD. Vanishing ei^2 would imply that 
both the potential and the torsional equation remain uncorrected to all orders in a' . Though 
it is possible that £2 = once we have the closed form of G, but ei = looks implausible. 
In fact the analysis done by would imply, after dualising to the heterotic theory, that 



ei is non-zero and the potential receives correction. The analysis performed here is of 
course consistent with the expectation that the potential should be corrected, but the 



precise mapping of our result presented here and the a' corrections derived in [£4[ needs 
to be worked out. This issue is beyond the scope of this paper and will be addressed 
in future work. However, before moving ahead, we would like to discuss one other issue 
that is related to the potential. The existence of a' corrections to the potential (from 
the calculations done above) tells us that the no-scale structure will be broken. These 
corrections are precisely from the t dependences in Ti. such that DtW will be non-zero. 
Both 7i and J will have a' dependences (as we saw earlier), and therefore the potential 
computed from \G\'^ will incorporate these. 

Supergravity Description 

The goal of this section is to show, that our superpotential (2.15), and the complex G 
(2.18), allows us to predict higher order interactions of the effective action of the heterotic 
string, that have not been known in the literature so far. Thus, on a slightly different 
note, let us try to analyze the supergravity description in terms of the complex three-form 
G, that we derived above. As we mentioned earlier, considering only the cubic form of 
the anomaly relation gave us an effective three-form given by (2.17), which is written in 
terms of an effective spin-connection uJeff- Now that we have an expansion in orders of 
a' for the vielbein, we can use this to find the form of uJeff- This has already been done 
in [|2^, where it was shown, that uJeff = dJ, at least to the cubic order in the anomaly 
equation. The analysis above gives the value of G, that can be extended to all orders in a' 
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(2.18). From M = 1 supersymmetry in four dimensions we know that the scalar potential 
(without taking D-terms into account) is of the form 

V = -[ G+ A *G+ = e"" \g'W,W DjW - 3\W\'^] , (2.36) 

where we have used to write the ISD part of G and k denotes the Kahler potential for 
the metric g^j on the moduli space. Notice, that only the superpotential W is known at 
this point and it is given by our formula (2.15), but the exact form for the Kahler potential 
needs to be worked out. We could in principle use the above formula (to the lowest order 
in a') to determine the Kahler potential by comparing both sides of the above equation 
using our explicit form of the superpotential. To all orders in a' the issue is involved since 
the RHS of (2.36) would change because of higher order corrections [53]. This will be left 
for work in the future. 



The above form of the scalar potential was also found recently in [^. The complex 
three-form G derived in the previous section can be decomposed into ISD and imaginary 
anti self dual (lASD) parts as 

G = G+ + G-. (2.37) 

However, only the ISD part contributes to the scalar potential. In fact, in we used the 
ISD part of the three-form G to extract the scalar potential from the kinetic term of the 
heterotic lagrangian. More precisely, we derived the scalar potential for the radial modulus 
and ignored all the other moduli. Up to order a'^ the result can be written as 

V{t) = ^ + + + 0{a'^), (2.38) 

where t is the radial modulus and C, D are numerical constants. For the example studied 



m 



20|] these constants are C = — 2 and D = 7. We have however kept C and D arbitrary 
because of the possible a' corrections, that could appear in the anomaly equation, when 
we solve iteratively for G, as was done at the beginning of this section. The radial modulus 
can be shown to be generically fixed at a value given by 

t, = n[a'\f\'f\ (2.39) 



where n is a constant. As was also shown in the potential (2.38) has a minimum 



and the minimum shifts to larger values, as we take large flux densities. To the order the 



analysis was done in [^, the potential at the minimum was positive V{to) > 0. This 
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however does not imply that supersymmetry is broken. The analysis to all orders in a' 
should yield V = 0, because in our analysis we are searching for super symmetric field 
configurations. This could be explicitly checked, if a closed expression for the Kahler 
potential appearing in (2.36) would be known. Once this is known, it should be possible 
to see, if the rather interesting possibility of finding solutions to the equations of motion 
which break supersymmetry and lead to a vanishing cosmological constant along the lines 



of and appears in this context. At the same time it will certainly be interesting 
to find solutions to the equations of motion, which break supersymmetry and lead to a 
positive cosmological constant. Work in this direction in the context of the heterotic and 



type IIB theory have recently appeared in and respectively. Again, we will leave 
these issues for the time being and shall address them in future work. 

There are two important things, that need to be clarified regarding (2.39). First, from 
the torsional equation (2.16), we see that the real three-from Ti. should be proportional to 
the scaling of the two-form J. One the other hand, from the Bianchi identity we observe 
that, dTi should scale as a constant by scaling the metric [|21[j . This would imply, that the 
radius is fixed to a different value than the one given above in (2.39). Why are we getting 
two different answers? The reason is actually easy to understand. First of all, from the 
Bianchi identity, the real three-form scales as a constant only to the lowest order in a' . But 
to higher orders, which are not discussed in [^, the real three- form is given by equation 
(2.32), i.e 

n = f--^ + 0{a'^), (2.40) 

where we are ignoring some constant factors. In deriving this we have taken a very simple 
scaling behavior of the metric, namely gij t gij. This ansatz is too simple and it does 
not take into account the fact, that the metric has a fibration structure, that depends on 
the fluxes |jT^,|T^. In other words, the cross term in the metric is not taken into account. 
The simple ansatz however, is good enough to study the radial stabilization. On the other 
hand, from the torsional equation (2.16), we see that the RHS depends on the two-form 
J, which comes from the cross terms in the metric. Therefore, the scaling behavior of J, 
to the order that we considered, is J = + 0{t). This gives us the following relation 

f-^ + O{a'^) = + O{t). (2.41) 

Solving this equation will reproduce (2.39) up to some constant factors. In this way we 
can reconcile all the approaches done to get the value of the radial modulus for the non- 
Kahler manifolds considered herein. To the order that we did the analysis, the radius 
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is proportional to the flux density. The second issue is related. Since we took the flux 
density to be large enough, the radius to of the manifold should be very big and therefore 
this allows a supergravity description. This unfortunately fails for the following reasons: 
1. The flnite (but large) radius of the six manifold to actually gets flxed at sizes tfiber = 
\/a' and tbase = \/\J\- Therefore, the base could be large enough but the fiber is 



always fixed at a radius of order a' [ pO| . This further implies, that the curvature 



scalar is of order 1 21 



2. In the presence of fluxes the Betti numbers have been calculated in [18],[T^. These 



topological numbers differ from the ones in the absence of fluxes, implying that the 
supergravity description may not capture the full physics here. 
However, the absence of a low energy supergravity description does not prohibit us to study 
many properties of the background. In fact, in |jT^ and ||2^ many important properties 
were derived without actually using a supergravity description. The lagrangian, that we 
expect in four dimensions can be derived from the explicit form of G, that has to be 
used in the expression for the superpotential. Notice the very important fact, that our 
superpotential cannot be derived from a dimensional reduction of the ten dimensional 
supergravity action of the heterotic string, as an inflnite number of a' corrections would 
be needed. 

From the above discussion one may arrive at the following interesting observation. It 
is rather plausible that the ten dimensional heterotic lagrangian can be rewritten in terms 
of G and the gauge field F, to all orders in a' as 



S= [ d^x y/^ [ d^x e-^^ 

J J Me, 

+ j d'^x 



21^12 + Tr F2 + J2 cimnpG"' F"" RP 



m,n,p 



+ 

(2.42) 



where F = dA + Tr ^ A ^ and the tensors are contracted in a way to get scalars (with 
suitable traces of course). Observe, that the lagrangian is written in terms of squares 
of G and F and therefore expanding, for example, the G term should reproduce a four 
dimensional lagrangian, that will have terms, that are BPS-like squares. For the terms, 
that arrive from dimensional reduction this has recently been verified in by an explicit 
calculation. Let us see how this works in some detail. 
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The explicit form of G is given by (2.18). Using this, the kinetic term wiU imply the 
following combination of the real three-form and other terms 

Si=[d''x^[ {n + *eA) A*ein + *eA), (2.43) 

J J Me 

where we haven't specified the precise form of A. This can be derived from the order 
by order expansion in a' discussed earlier. The above expression does not take the warp 
factor into account. In the presence of the warp factor we assume, that some powers of 
the dilaton should appear in (2.43). For some of the terms it is indeed possible to predict 
the factors of the dilaton, that could appear in the supergravity lagrangian. One precise 
contribution is given by 

^2 = / rf^x / e-'^^die^^J) A*d{e^^J), (2.44) 

J J Me 

where the above powers of the dilaton are fixed from the arguments presented in (see 
equation (5.23) of that paper). The above two terms (or at least some parts of them) have 
recently appeared in |^ (see section 2 of this paper), where they are shown to appear 
from the supergravity lagrangian. 

However here we have shown something more. Our analysis does not rely on the 
existence of any specific ten dimensional heterotic effective lagrangian. Our claim is: the 
complex G fiux captures most of the dynamics of the heterotic compactification with fiuxes. 
This fiux is anomaly free and gauge invariant and allows us to make predictions for the 
form of the ten dimensional heterotic lagrangian to all orders in a' . Therefore the kinetic 
term appearing in (2.42) should give rise to all the terms, that would appear by reducing 
the heterotic lagrangian over the compact six manifold A^e to all orders in a' . Similarly 
the gauge kinetic term should reproduce 

S:i= ! d^x^J \t, Fl, + + TV [g'^^F^j^f] , (2.45) 

J J Me '- -' 

upto possible relative numerical factors. Vanishing of this term of course implies the DUY 
type of equation for the background. In fact we have already shown in [2^ that the D-term 



j F A J A J should reproduce this. This is no surprise as this is similar to the Kahler CY 
case also. The interaction terms in (2.42) can give rise to many possible terms. A sample 
would be 



Si= [d^x^ [ \jAdH + Tr Rl, + Tr i^^. + Xr {g'^'R^if + ... 

J J Me '- 



(2.46) 
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Some of the above terms have also appeared in |21]. The curvature R is measured with 
respect to the modified connection. Observed that the way we derived our result, could in 
principle predict higher order terms in the supergravity lagrangian. It will be interesting 
to verify the existence of these directly using the reduction to lower dimensions of the ten 



dimensional theory a-la |]21|. This looks difficult in practice because we would need many 
higher order corrections to the low energy lagrangian to perform a reduction similar to 



21 



To summarize, our ansatz for the lagrangian (2.42) reproduces the terms in the four 
dimensional action that can be derived from a dimensional reduction of the ten dimensional 



heterotic lagrangian as done in [^. The gravitational and the three form kinetic terms 
conspire together to give us the |Gp term in (2.42). However, our formula provides much 
more information. Namely we can predict additional contributions, for example the j B A 
*B term from (2.18), and other possible cross-terms, that cannot be obtained from the 
dimensional reduction of the ten dimensional heterotic action, that is known at this point. 



3. New Six-Dimensional Compactifications 

So far we have studied generic properties of complex non-Kahler manifolds. In the 
following we would like to illustrate these properties in examples. Some specific examples 
have already been constructed in , , [|19[ , . These are compactifications to four 
dimensions and, as discussed in [|1^, they have several properties that are of vital phe- 
nomenological interest. However, all the manifolds considered so far have vanishing Euler 
characteristics. In the following we would like to present new examples of backgrounds 
in which the internal manifolds have non-vanishing Euler characteristics. In this section 
we will present new six-dimensional compactifications while the four- dimensional case will 
be left for a later section. Some aspects of six-dimensional compactifications have already 



appeared in [ffD 



Our goal here is is to exploit the F-theory/heterotic duality to find the possible three- 
folds on the F-theory side, that will give rise to such kind of six-dimensional compacti- 
fications on the heterotic side. We will briefiy discuss the role of discrete fiuxes as has 
appeared before in . The compactifications to six dimensions studied in are rather 
useful to verify some of the properties of the non-Kahler manifolds developed above. In 



fact, the conformally -ftTS example studied in is a consistent model for a compactifi- 
cation to eight dimensions i.e, when we Kaluza-Klein reduce our heterotic model over the 
fiber torus. Let us elaborate this issue first. This will help us to switch gears smoothly 
towards new examples. 
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3.1. Dimensional Reduction to Eight Dimensions 

To study the dimensional reduction of the heterotic string to eight dimensions, we wiU 



use the fibration structure of the non-Kahler manifold worked out earlier in [^,[0 with 
a choice of constant fluxes and perform a Kaluza-Klein reduction over the fiber. The fiber 
about which we will reduce is given in terms of the base coordinates as 

dz + 2i z'^dz^ - {A + 2i) z^dz'^, (3.1) 

where z is the complex coordinate of the fiber. The existence of cross terms above guaran- 
tees the existence of some U(l) gauge fields on the base T^/X4. These U{1) fields appear in 
addition to the non-abelian gauge fields already existing in the theory. After reduction we 
obtain an eight dimensional theory, that is compactified on K?>. In fact, from the choice of 
metric, that we had in |jT^,[0 it is clear that the four-dimensional manifold is conformal 
to i^r3, with the conformal factor given by the warp factor A. Before dimensional reduction 
the two-form J of the six-dimensional manifold is given by 



4 16 

i=i j=i 



+ {dz + -^) ^{dz + 5), (3.2) 



where 7 and 5 are some generic functions of the coordinates of the base K?>. The coefficient 
g2(/) jg ];gia^g(j the warp factor A. The four (1,1) forms % are the forms, that survive 
globally on the orbifold jX^. The rest of the sixteen (1, 1) forms Bj are the ones at 
the sixteen fixed-points of the orbifold. Therefore, in the orbifold limit the two form J 
becomes 

2 

J = ^ e^'^aij dz' A dz^ + {dz + a f'dz^ - h z'^dz'^) A {dz + a z^dz^ - h z^dz'^), (3.3) 

where aij are constants and a, 6 can be determined from (3.1). Once the two-form J is 
determined by (3.2), we can obtain the three-form flux by using the torsional equation 
7i = i{d — d)J and it is given by 

7^ = (a - a)7 A rf^ - (a - 8)8 Adz + {d-d)'yAS + {d- d)(j) A 7Vi,i- (3-4) 

This is a generic combination of (2,1) © (1,2) forms and are the constant (1,1) forms 
on T^. There is another combination given by [d + d)J, which determines the anomaly 
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condition for the given heterotic background. This generic background on K3 should 
satisfy yet another consistency condition coming from the fact, that the holomorphic (2, 0) 
forms on K3 are constants. In terms of the notations used, this condition is 

d^J-id(f) = -{d^J + id(j)). (3.5) 



This is an important condition, the derivation of which was given in [|TD[ , in the sense that 
it wiU teU us the background, that we derived for the case with constant fluxes can indeed 
be extended to any arbitrary choice of fluxes. The fact, that only the base is conformally 
Calabi-Yau is inherent in the relation (3.5). To see this assume the complex dimension of 
the space to be n and the metric to be conformal to the CY metric with the conformal 
factor given by = e'^'^. In terms of torsion classes, Wi, this would mean |j5^ (see also 
sec. 4.1 of 0) 



(2n - 2)W5 - (-l)"2"-^n>V4 = (-l)'"2'"-^(n - 2)^4, (3.6) 

whose only solution is n = 2, when VV5 = VV4 = 2d(f). This implies, that the base has to be 
conformally Calabi-Yau i.e K3, as was pointed out in |]T^. This tells us, that the metric 



that we derived earlier in [jT^,|jT^ can be thought of as an exact solution (if we also replace 
the simple fibration structure (3.1) with a more generic one (3.2)). This is consistent with 
the fact, that these solutions are derived directly from F-theory at constant coupling. 

At this point one might wonder, whether the conformal K3 solution can be obtained 
directly as a torsional K3 compactification of the ten-dimensional theory, i.e without going 
through the dimensional reduction over the fiber. One method to achieve this would be, 
if we take the fiber to be non-compact. Imagine this is a plausible scenario (we will soon 
show, that for the kind of configuration we have, this is not possible) . A necessary condition 
for this interpretation to work is, that the warp factor depends on the coordinates of the 
K3 base only. This works perfectly for our case, because of the inherent T-dualities we 
were constrained to keep the warp factor independent of the fiber directions. The above 
encouraging steps might lead us to think erroneously, that the duality chasing arguments 
can be helpful to obtain a compactification on the torsional K3 directly. However, this 
is misleading as it is not possible in this scenario to decompactify the fiber direction. A 
decompactified fiber on the heterotic side would imply, that the T^/Z2 manifold on the 
type IIB side should be of zero size. This is, in principle, no problem because even if 
we turn on fluxes, the no-scale structure of the type IIB supergravity theory does not 
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guarantee any radial stabilization. However, the reason why this wouldn't work is because 
the existence of F-theory monodromies. These monodromies give rise to extra charges on 
the type IIB side and therefore lead to a finite (and non-zero) torus. This further implies, 
that the fiber on the heterotic side should have a finite size. 

We might be able to overcome this by taking a non-compact torus directly in the 
type IIB theory. One crucial step would be to see, whether this is possible in M-theory. 
The manifold, that we require in M-theory will be K3 x A^, where is a non-compact 
manifold, that is a fibration over a non-compact base. We also require the torus fibration 
to degenerate at only one point of the base. This construction looks plausible enough, as 
it allows a non-zero G-fiux. Furthermore, the J Xg term does not have to vanish, as it is 
no longer identified with any topological number. But the above construction fails due to 
two subtle reasons. 

1. The manifold in F-theory will also be K3 x and now we will have non-trivial 
monodromies around the point where the F-theory torus degenerates. Since the fiber 
torus degenerates at only one point of the base, the monodromy around it will tell us, 
that in the type IIB theory there will be a self-dual four form source whose charge is 
given precisely by 



^PiA5{z). (3.7) 

Here pi is the first Pontryagin class and z is the complex coordinate of the non- 
compact base. Going to the heterotic side will imply, that the equation satisfied by 
the heterotic three-form is 



a 

— tr 
48 



( - 



n = 0, {3.i 



where lj is the torsion free spin connection and O3 is the torsional Chern-Simons 
form. This equation is anomalous and therefore needs additional contributions. The 
additional contributions are precisely the ones which gave us the szx-dimensional non- 
Kahler manifold. Therefore, from the duality chasing it is not possible to get only 
conformal K3 as our solution. 
2. Even though the fluxes seem to fix the total volume, the individual sizes of the base 



and the fiber also do get fixed in the process due to the F-theory monodromies ||2C1|| . 
This would imply that the only possible size of the fiber would be proportional to a'. 
Therefore it is not possible to take the zero size or the decompactifying limits of the 



non-Kahler manifolds derived in ||16|| ,[|T7|. 
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A slightly different setup would be to add discrete fluxes to a four-dimensional (or six- 
dimensional) compactiflcation But before we address the issue of discrete fluxes, let 
us discuss the heterotic compactiflcation on K3 with generic fluxes. 



3.2. Compactifications of the Heterotic String on a Background Conformal to K3 

In this section we will study the 5*0(32) (or the Eg x Es) heterotic compactiflcations 
with fluxes and describe the dual F-theory geometries associated with it. In the absence 
of fluxes the heterotic (or type I) theory has an F-theory dual given by a non-trivial torus 
flbration over an base [^. Here n could be 0, 1 or 4. These three choices of n are 
related to the three different choices of vector bundles on the type I side. In order to 
achieve our goal of flnding the F-theory dual for heterotic compactiflcations with fluxes, 
we need to go to the point, where the F-theory manifold can have an orientifold description. 
This is crucial for various reasons. The orientifold description provides a good description 
of the theory even for the regions, where the F-theory description is not sufficient. As 
long as we keep the coupling constant small we can trust the orientifold description [|5^ . 
Furthermore, the orientifold description provides us a way to go smoothly from one theory 
to another using U-dualities, as we saw earlier in [|T6[,[|T^. Using T-dualities we can go 
from the orientifold description in the type IIB theory (valid at weak coupling) to the type 
I description (which can also be made at weak coupling) . Whenever we have an orientifold 
description, there will be involved a generic operation of the form: (—1)''^^ ■ O ■ a, where 
cr is the inversion operation (it will soon be clear for our case, a is basically the Nikulin 
involution [|62| ). 

Let us begin with the F-theory dual for the compactiflcation of the heterotic on K'i. 
We will take the simplest example, when the F-theory dual is given by Fq. The Weierstrass 
equation governing the background has the generic form 

y'^ = + f{u,v) X + g{u,v), (3.9) 

where u and v are the coordinates of the two P^'s. The manifold (3.9) is an elliptically 
flbered Calabi-Yau manifold, if /(w, v) is a polynomial of degree (8,8) and g{u, v) is a poly- 
nomial of degree (12,12). Observe, that the above equation, taking into account the right 



powers of / and g^ has 243 complex deformations ||6T|]. There is also an obvious exchange 
symmetry of the two P^'s. This exchange symmetry is related to the heterotic/heterotic 



duality in six dimensions . We will soon elaborate some more on this, when we discuss 
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the conformal K3 example. Let us first define the quantities / and g, which wiU take us 
to the orientifold point. In fact, this has already been done in some detail in pTI] and K 



We define 

8 4 

f{u,v) = Ai Yliu - Ui){v - Vi) + A2 Y[{u-Uj)'^{v-Vjy 

i=l j=l 

1=8 

j=4 4 



g{u,v) = A3 Y\_i'^ - -Uj){v - Vi){v -Vj) + A4 Y\_(^ ~ ^ (3.10) 

1=1 

12 



i=i i=l 
j = i 

12 



k=l 



The above choice of / and g is the most generic one, if we keep all the constants Ai^s to be 
arbitrary. The next step is to evaluate the discriminant of the Weirstrass equation. The 
vanishing of this discriminant spans the following curve 



C„„p - "•)"■(" - - "')''(•' - - ^i)"'." - «*)" = 0, (3.11) 



m,n,p i,j,k 



where Cmnp are constants. This is the most generic curve for the system and is valid 
at all points in the F-theory moduli space. The analysis of the above equation is rather 
complicated, because at any generic point the solutions of the above equation do not, in 
general, relate to perturbative D-branes. The non-trivial monodromies about any of the 
solutions of the above equation will tell us, what kind of objects we are dealing with. In 
the above equation we have also summed over powers of m, n and p. The choices of m, n,p 
are not arbitrary as they have to obey the following equation 

m + 2n + 3p = 6, (3.12) 

the integer solutions of which we should be summing over in (3.11). The constants Cmnp 
are determined in terms of the Ai as expected and their values are correlated to the powers 
of m,n,p in an appropriate way. In fact, we will use some specific values of Cmnp to go 
to the orientifold limit. Following the work of one can easily show, that the above 
equation (3.11) gives the orientifold description only, when 

C410 = Cm = C002 = Ceoo = C030 = 0, (3.13) 
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while C220 aiid C301 are the only non-vanishing constants. It is, however, not necessary. 



that both of the C should be non-zero. As discussed in [^J], we can have a consistent 
orientifold background, if the only non-zero C is €220- The key point, which takes the 
background (3.11) to an orientifold background appears, when we allow a maximum of 
two non-zero Cs, the generic F-theory equation breaks into two different hypersurfaces. 
The monodromies around each of these surfaces will tell us, whether we have orientifold 
planes or D7 branes. In fact, it is enough to extract the hypersurface corresponding to 
the D7 branes only, as the other curve would factorize out of (3.11). From (3.11) the 
hypersurface corresponding to the D7 branes is of the generic form 

C220 -^ + ^301 G = 0, (3.14) 

where JF, Q are polynomials of order 16 in u, v, the precise form of which can be easily 
extracted from (3.11). For the generic hypersurface (3.11) the story is well known ||65|| . 
The singular points that do not have any interpretation in terms of D7 branes or 07 planes 
are in fact (p, q) seven branes. Their combined effect will be like a nora-dynamzca/ orientifold 
plane. The hypersurface (3.11) at its orientifold limit (3.14) will therefore imply that our 
manifold in type IIB will be K3/{—l)^'^ ■ O • a where a describes a Nikulin involution 
|6'4 j of the form (r, a, 6) = (2, 2, 0) (see for the notations). Making two T-dualities (or 
equivalently, a mirror transformation) will take us to type I theory on mirror K3 which is 
S-dual to heterotic on the mirror K3. Thus following this chain of dualities we eventually 
reach the heterotic compactifications for the corresponding F-theory model. 

The above discussions are valid for the case of vanishing fluxes. Before including fluxes 
we still need to verify that the supergravity description is a valid approximation on the 
type IIB and the heterotic sides. In d dimensions the supergravity approximation will be 
valid if the d-dimensional string coupling is weak and the internal volumes are large. 

The volume of the base x in F-theory is V1V2, where Vi are the volumes of each 
of the P^'s. On the type I side the coupling constants are 

91 = , = — , V2 = V2 and g} = , (3.15) 

Vl Vl y/VlV2 

where qb denotes the ten-dimensional type IIB string coupling constant. To get to the 
type I side we have made two T-dualites along the two directions of one P^ (which is of 
the form T^/Z2 and Z2 involves orientifold operation). On the heterotic side we have 

^1 het «' het ^1^2 , (6) 1 /t^ , . 

9het = — — , t'l = — , V2 =— — and g'J=—.—. 3.16 
a' 9b 9b a'gB a' \ V2 
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Prom here it becomes clear that the six-dimensional heterotic coupling constant is given by 
the ratio of the volumes of the two P^'s. This is of course consistent with the literature ||61|| . 
Furthermore, by interchanging vi and V2 one obtains another theory which was already 
predicted in . In order to analyze if the supergravity approximation is valid we assume 



e"^ with a,(3e'\N (3.17) 



The above equation implies large internal volumes. Next we will insert the scaling behaviors 
(3.17) into (3.15) and (3.16) to determine how the different coupling constants scale with 
e. In order to do this we keep qb constant. The various scalings are 

VI ^e-^ -^e("+«/^ ..et-e— ^ and gl!'^, ^ e^^^^^ (3.18) 

where vj and v^et denote the total six-dimensional volumes. If we choose /9 > a we can 
have large six-dimensional volumes and weak couplings on the type I and heterotic sides. 
From this point of view it seems as if the supergravity description can be applied on the 
two sides of the duality. In order to support this claim we will check the validity of the 
supergravity approximation explicitly later. 

Our next question is, what happens in the presence of fluxes in the heterotic side? An 
ansatz for this has already been given in |jl^ . This is the conformal K3 example. From the 
above analysis, done in the absence of fluxes, we can now try to infer the corresponding 
F-theory duals when we have fluxes switched on in the heterotic side. The ten dimensional 
metric ansatz for our case will be 

ds^ = dsl,,^,, + A^ ds%,, e^-A, (3.19) 

where 4> is the heterotic dilaton and A is the warp factor. We have kept the conformal 
factor as an integer power m of the warp factor. We will argue in the next section that 
m = 2 is realised in this set-up. The above ansatze slightly generalises the one given in |]T^ . 
In this section we will not argue the reason for this ansatze. There could be a possibility 
of a different solution in the heterotic theory, but as far as the metric (3.19) goes, this 
solves the background torsional equation as shown by [0 (see sec. 4.1 of fl^). We will 
start from this situation. We will also take the orbifold limit of K3 and therefore replace 
the metric by an almost flat metric (with sixteen flxed points). 
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At the orbifold point we would expect the J-form to be given only by the 7^ part 
of (3.2). Therefore comparing our result to (3.4) this will immediately tell us that the 
background three- form flux on K2> is given by: 

H =M,i AaA + A<i,i A9A, (3.20) 

where A/i,i and A^i,i are proportional to (1,1) forms on T^. They are functions of the 
warp factor and are related by the torsional constraints. This is the background responsible 
for the torsion in our space. Observe that the three-form can exist on K?> even though 
there are no three cycles. This kind of form is similar to the four-form in [0| which is 



proportional to the warp factor there. Combining (3.20) with (3.19) will more or less give 
us the complete background for the torsional case. What remains are the solution of 
the warp factor A and the choice of vector bundle for this background. These two are 
intimately related, because the equation for the warp factor is determined in terms of the 
vector bundle [l^]. We will discuss this issue soon and for the time being we assume that 
both the vector bundle and the warp factor are determinable for this system. In terms of 
components, (3.20) can be written as 

'Haab = dbQaa-: T^aab = 9b9aa, (3.21) 

where we have chosen our complex structure as i and a, b are complex coordinates. For 
the choice of flat metric (in the orbifold limit of K3) we have components 7iii2 and 
7^221 and their complex conjugates. From the relation (3.21), these two components are 
proportional to 82 and diA"^ respectively. However in the kind of models that we are 
studying, we have to make sure that the warp factor is independent of one of the set of 
complex coordinates! — say for example diA'^ = QjA"^ = — and so we will only consider 
the background three forms that are of the form 82^.'^ , 82^.^ . In other words, we need 
the three-forms as 7iii2 and 7iii2- Under duality chasing this implies we have two RR 
one-forms in type IIB. On the other hand, choosing the other two three- forms, namely 
7-^221 and 7^2215 we will get two three-forms in type IIB by duality chasing that would 
survive the orientifold projections. This would seem problematic because the surviving 
components are not the ones that we should be interested in. This issue is a little subtle, 
and so let us elaborate it in some details. To start with, we didn't take the orientifolding 



Because these will be the two duality directions. 
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action carefully in the above analysis. In fact the type IIB picture is actually compactified 
on with the orientifold action given by (1, g) x (1, h) where g, h are 



h 



Fl+Fr 



(3.22) 



where at are the orbifold action of the two respectively. This is the Gimon-Polchinski 
orientifold action [56|, whose F-theory limit is discussed in [^. The action (3.22), actually 
involve orientifold as well as pure orbifold action and therefore the bulk states of the type 
IIB supergravity should survive all the actions. Various fixed points of the orientifold 
actions g and h are shown in the figure below: 




X 




Fig. 1: The location of orientifold planes on x at the points 0, ^ 



1 Ti Ti + l 



It is easy to work out the multiplets in six dimensions. There are in fact various contri- 
butions coming from the bulk and the brane states. At the orientifold point there would 
be set of 07 planes and D7 branes that are placed orthogonal to the another set of equiv- 
alent branes and planes. The total multiplets therefore will come from the untwisted 
sectors, twisted sectors, DN open strings and the brane-orientifold states. The multiplets 
are arranged in terms of the susy spectra for D = 6, A/" = 1 multiplets. It is given by: 



R 



(3.23) 



where L, R denote the various chiralities of six dimensional fermions and ± denote the self- 
dual and the anti self-dual parts of the two form fields. In (3.23), the first one is the gravity 
multiplet, the second one is the tensor multipletH, the third one is the vector multiplet in 
the adjoint representation of the enhanced gauge group G at various points of the moduli 



^ In this model it is only possible to get one tensor multiplet and therefore the number of 
hypermultiplets H \s H = V + 244 where V is the number of vector multiplets. To get more than 
one tensor multiplets (say for example nine tensor multiplets) we need to compactify type IIB 
theory on modded out by the group G = {l,gh, Q ■ S,Q ■ gh ■ S) where S involve a half-shift of 
the T"* coordinates z^'^ [38|. 
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space and the last ones are copies of hypermultiplets in various representations. To 
evaluate for our case we need to know what is the enhanced gauge symmetry allowed in 
our setup. As discussed in the literature, the Gimon-Polchinski model has many branches 
of enhanced symmetry. These branches are basically of the form G = U{m)'^ x U{m')'^ , 
with m,m',n, n' integers. In terms of m^m'^n and n' , N in (3.23) is given by: 

N = 4(1, 1) ©nn'(m, m') ©2n i —-^ ^, 1 j ©2nM 1, — ^— ^ j © 16(1, 1), (3.24) 

where the first is from the untwisted sector, the second is from the DN open strings 
between the branes, the third and the fourth are from the antisymmetric representations 
of the gauge group G and the last ones are from the 16 fixed points of gh in (3.22). Taking 
only the bulk states, the number of scalars that we get is seventeen. Eight of which come 
from the S-fields and the rest come from the metric, the axion-dilaton and the four form 
fields. Thus the -B^i? contribute four scalars. These scalars (along with the axion) in type 
IIB theory should be the ones that determine the torsional background in the heterotic 
side. As an example, in the heterotic theory we can have a i3-field of the form B12 with 
the corresponding three-form 

^212 = ^^2^12 = fi'2[l,2] ~ diA'^. 

This would be a background that survives all the orientifold and orbifold projections. 
However we now have to assume that the warp factor depends on all the coordinates. 
This would naively mean that the usual Buscher duality wouldn't work here, as the rules 
require us to make all the fields independent of the duality directions. We are making two 
T-dualities along one of the directions that convert 

{l,g)x{l,h) ^ (1,0) X (1,^7/1), (3.25) 

so naively we have to keep all fields independent of the coordinates. However we can 
assume that the dependence is very mild and therefore three-form background is very 
small, implying that the corrections to the Buscher rules would be small. This is possible 
because the three- form is not in cohomology and therefore is not quantised. At every point 
of the internal space we would now require the magnitude of the warp factor to be small. 



If we put m = 2 in (3.19), then the equation satisfied by the warp factor will be 



□A^ = tr RatR''' - ^Tr (3.26) 
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where □ and the curvature are measured wrt the unwarped metric. The above equation 
has solutions if the usual integrability condition is satisfied. We have to make sure that 
the warp factor have no ±r~'^ type of singularities (where r is the radial coordinate in this 
space) and ||A^|| to be small everywhere. This in particular implies that the orbifold limit 
that we are considering should be completely non-singular. 

Until now the discussion was motivated by parallel examples of non-Kahler complex 
manifolds constructed in [|TB[ , [|T^ , [|T^ . These examples were obtained from M-theory back- 



grounds in the presence of primitive (2,2)-forms, after performing some string dualities. 
The existence of fluxes was guaranteed by topological considerations and the structure of 
the heterotic three-form was determined by the primitive forms. Here we would like to start 
with an heterotic background and reverse the string dualities to get to M-theory. In the 
following, we will consider the most general 7i-fluxes allowed on the heterotic side. First, 
we will determine the conditions necessary for the existence of fluxes in a K3 compactifl- 
cation of the heterotic string. In order to do this we need some terms in the low-energy 
effective action of the heterotic string (we will use the notations of [|69| ) 



5" = - ^ y d^^Xy/ge~ 



Iz o 



. (3.27) 



Here Ji is a polynomial of fourth order in the Riemann tensor and gauge flelds. The 
dots contain other higher order terms whose explicit form can be found in [^^. This 



ten-dimensional lagrangian can be reduced to four dimensions to obtain the previously 
discussed lagrangian (2.42). What we would like to obtain is the six-dimensional low-energy 
effective action in the presence of 7i-fluxes. The existence of these fluxes is constrained by 
the integrability condition 

3a' 

'K3 2 

where we have ignored higher order corrections. From the integrability condition we see 
that, in general, the ?i-flux on K3 will be non-vanishing because of the presence of curva- 
ture related terms and higher order corrections. This avoids the no-go theorem for compact 
manifoldJ^. Equation (3.28) can also be interpreted as the equation of motion of the dila- 



/ e-'^^n^^pH^^P + ^ / e-^'^ (tr F^.F^" - R'^^.R'"'^^) = 0, (3.28) 

Jk3 ^ Jk3 



^ For non-compact manifolds this is no longer the issue. From the discussion above in (3.28), 
putting fluxes on compact manifolds is somewhat subtle. To avoid further complications, we will 
consider specifically non-compact manifolds unless mentioned otherwise. These manifolds (and 
their duals) are in the same universality class as the non-compact Gimon-Polchinski orientifolds. 
We will therefore continue to call them as Gimon-Polchinski (GP) models. 
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ton. The presence of 7Y-flux and other fields will imply a non-constant dilaton. This is, of 
course, consistent since the dilaton is proportional to the warp factor. 

The considerations discussed above gave us a way to see (in the heterotic theory) the 
existence of non-zero three-forms on K3 (with components Ti^^p, where /x, v, p, in general, 
span all the four coordinates of K3) and non-zero dilaton 0. In the type I theory, this three- 
form will be the RR three-form of type I compactified on K3 with complex coordinates 
^112? ^1127 ^1227 ^122- simplicity we will consider real coordinates and assume that 
the coordinates of K3 are ^^'^'^'^ with = + ix^ and = -\-ix^ . The next question 
would be to ask for the corresponding fields in the type IIB side by compactifyting two 
generic directions x and y and making T-dualitics along these directions. If our type I 
theory has fields Hx/ii/ and TCxy,^, then after two T-dualities we will have a RR three-form 
and an axion background that are related to the type I three-forms in the following way: 

^YHV ~ ^x/ii^) = ^xy/i) (3.29) 

where and are the RR three and one — forms of type IIB theory. As discussed 
earlier, type IIB background is actually a Gimon-Polchinski orientifold whose F-theory 
limit is well defined, in other words, the axion-dilaton background is well defined. In any 
generic point the RR charge is not neutralised locally and therefore in the type IIB side 
we should expect a non-trivial three-form and an axio-dilaton background. An important 
thing to observe here is that by choosing 7ii22 = "^122 = directly in the heterotic theory, 
we can have a consistent background in type IIB theory with only a non-trivial axio-dilaton. 
This choice of background overcomes all the earlier problems that we had, namely, the warp 
factor can be made independent of z^^z} directions by having 7Yii2 ~ 82/^'^. 

Let us now see how this works for the explicit case of (3.19). Making an S-duality of the 
background given in (3.19) will give us the corresponding type I background. The torsion 
three-form will be replaced by the RR three-form of the type I theory. One can easily show 
that the corresponding type I background follows from the following background in type 
IIB theory (we put m = 2 in (3.19)): 

ds^ = A-^dsgi2345 + ^ ds%^ + A-Ms|,i , (3.30) 

where we have explicitly shown the metric of the two non-compact = Observe 
that the type IIB manifold has retained its basic form but the two P^'s are now scaled 
differently. The type IIB coupling constant, gs, is no longer a constant number as in 
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T^,|T7], rather now it has dependence on the warp factor. The dependence is easy to 
infer, and is given by qb = A~^, where we are ignoring constant factors. This therefore 
imphes that the Gimon-Polchinski model is at an orientifold hmit with couphng constant 
r given by 



(3.31) 



where cp is the RR scalar (axion). Notice that Im r > and therefore this presumably 
incorporates possible non-perturbative corrections to the D7 branes and 07 planes back- 
ground. This is because near an orientifold seven plane the behaviour of r naively would 
be 

u^) (3.32) 



— In {u 



where Ui is the position of one of the orientifold plane on the with coordinates u (similar 
behaviour is expected for the other P^). But this background of axio-dilaton should receive 
correction because r —zoo as we approach the orientifold plane. The correct behaviour 
therefore should be (3.31). Switching on blow-up models at the orientifold singularities 



fuses two intersecting orientifold planes to a complex hyperbola |67]. In the figure below 
we have represented a pair of 07 planes that become fused together. 




The above backround in type IIB theory can be easily lifted to F-theory. In the absence of 
fluxes we know that the F-theory background is a torus fibation over a X base. What 
happens now? Again the scalings in our present case will give us the following background 
in F-theory: 

ds'^ = c^Sspacetime + A^rfspi -f- dspi + A'^dx'^ + A~^dy'^, (3.33) 

where x, y are the coordinates of the fiber. Since both F-theory and M-theory span the 
same moduli space, this metric will also correspond to the metric in M-theory. The gauge 
fluxes will correspond to localised G-fluxes in M-theory. 
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The issue of the vector bundle is now important. From the F-theory side there are 
many enhanced gauge symmetry point. The simplest one is the SU{2)^ x SU{2)^ point. 
This is because at no point in the moduli space of the theory a single brane can move freely. 
The minimum number of branes that can move together in this theory is two, giving us 
the above mentioned gauge group. In the heterotic side the vector bundle has to satisfy 

Fab = = g^^Fai = 0, iTF^F = tTR^R- iddJ, (3.34) 

Assuming ddJ = 0, then from (3.26) the warp factor will satisfy DA^ = 0. Since we also 
require the warp factor to be small everywhere, we can take it to be a linear function of 
the coordinates z^, where are defined on patches. This would imply that globally the 
three-form 7i, satisfying (3.21), will be a constant form. The background therefore is given 
by: 

A'^ = Co + A + B z'^ + c.c, = A 

(3.35) 

n = Adz'^ A dz^ Adf + B dz^ A dz^ A dz'^ + c.c, 

where Co is a constant that would determine the size of the conformal K?> space. Putting 
A = will reproduce the GP model with non-trivial r. Now since □ is measured wrt the 
unwarped metric, will satisfy the warp factor equation. Therefore the constant three- 
form would follow from there. We also have to make sure that A^ is small everywhere. 
This is possible because our space is compact and therefore z^ .z"^ are measured only in a 
small patch. Assuming p + < e, we can have A^ small everywhere. The equation 
(3.35) will therefore be the torsional background for the conformal in the heterotic 
theory. 

Before we go any further we should clarify the role of the discrete fluxes here. This 



has already been done in so we will be brief. The idea is that the various embedding 
of instantons on K?, in the type I side is related to the existence of discrete B^s fluxes in 
the type IIB side. More explicitly, the duality chain that we followed is: 

2^4 2^4 rp4: 

Type I on — ^ Type IIB on — Type IIB on — , (3.36) 

G\ G2 G3 

where the flrst and the second theories are equivalent; whereas the second and third are 
related by two T-dualities. The type I theory that we have is S-dual to heterotic theory 
compactifled on the same manifold. The various groups Gi are given by 

Gi = {l,gh), G2 = (1,0) X {l,gh), Gs = (1,9) x {l,gh) = {l,g) x {l,h), (3.37) 
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where we have aheady defined g and h in (3.22). In our notation, the orbifold hmit of K?> 
wiU be a modded out by the group {l,gh). In the above chain (3.36), we have type I 
on K?> with some gauge bundle of ^^^^^"^^-^ that can belong to one of the three topological 
classes characterized by an element W2 of H^{K3, Z). For our case we need: W2 ■ W2 = 
mod 4. This is dual to the existence of discrete B fiux A/2 in the second chain of (3.36). 
The precise relation is W2 = A. In the third chain of (3.36), there is no flux but now K3 
is modded out by (1, g) and g involves the Nikulin's involution (2, 2, 0) [0. Since we are 
more concerned about the flrst and the third chain of (3.36), the effect of discrete flux in 
our analysis will be irrelevant. To complete the chain in (3.36) we can go from the one 
heterotic to the other, i.e Eg, x Eg theory, with instanton numbers (12 — n, 12 + n). This 
is dual to F-theory on with n = 0, 1, 4. 

Coming back to the issue of gauge bundle, we observed earlier that the background 
axio-dilaton do not vanish and therefore we cannot be in the constant coupling point of 
the Gimon-Polchinski model. The background flux actually flxes the r to a value given 
in (3.31). This would determine the resulting positions of the branes and planes in this 
scenario, and therefore the gauge bundle. 

In an alternative scenario, the F-theory compactiflcation on a base x is also 
connected to another Calabi-Yau with Hodge numbers (51, 3). This connection was pointed 



out by [£8[and [^. The difference between the two compactiflcations: one with Hodge 
(3, 243) and the other with Hodge (51, 3), is related to the number of tensor multiplets. For 
the case studied, we saw that the heterotic dual has only one tensor multiplet. To get more 
tensors in six dimensions, we have to redeflne the orientifold operation in the dual type I 



side. A way to achieve this was shown in pH]. We can deflne the orientifold operation in 



such a way that not only it reverses the world sheet coordinate a to tt — a, but also flips the 
sign of twist flelds at all fixed points. In fact in the closed string sector the two theories 
tally, but in the twisted sector, we get 17 tensor multiplets instead of hypermultiplets. 
Therefore even though the orientifolding action look similar in both cases, the massless 
multiplets are quite different. 

4. Fluxes versus Branes: A Different Perspective 

In the previous section we have described six-dimensional flux compactiflcations. How- 
ever to make this discussion complete we still have to justify the choice m = 2 in (3.19). 
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In order to do this we have to change the perspective shghtly. This new perspective wiU 
also allow us to argue for the validity of the supergravity approximation. 

The discussion in the previous section can be interpreted in terms of branes instead 
of fluxes. To illustrate this, consider M-theory compactified on a four- fold Aig- This 
background becomes unstable, unless fluxes satisfying 

Ms 

are included. Here x is the Euler characteristic oi M.%. The background is 

(4.1) 

G'oi2m = 9^A-3/2, □^3/2 _ go^^ceS, 

Imagine that we replace the fluxes by n = x/24 M2 branes. The background then becomes 



2 

Me 



Id H (4-2) 
Goi2m = 2^p~' = sources, 

where G is the source. The two backgrounds above, i.e. equations (4.2) and (4.1), become 
equivalent if we identify H = A^/^. 

This was an example of a more general statement which says that if we can replace 
branes by fluxes (or vice- versa if the system is compact) , the backgrounds for the two sys- 
tems become identical. This has also been observed for Klebanov-Strassler type geometries 
where the three-branes are replaced by fluxes on a deformed conifold background. This 



was discussed in 71 



In the following we would like to flnd the brane interpretation of the conformal K3 
flux background of the heterotic string. On the heterotic side we have 7i-fluxes (RR three- 
form fluxes for type I). We would like to interpret these fluxes as heterotic NS5 branes 
(D5 branes for type I). The metric for a NS5 brane at a point of a non-compact K3 is 

, (4.3) 

Under an S-duality (4.3) is mapped to the Db brane metric of type I. By redeflning the 
harmonic function of the NSb brane as ifs = A^ we will reproduce (3.19) (with m = 2). In 
order to understand how the sources are mapped we express (4.3) in complex coordinates 

Ha-ab = {9a-a9,l - Qaigia) 9^^ 8,(^ = 8^ = d, A^ (4.4) 
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which agrees precisely with the torsional equation! After going to the type I side, we 
obtain the type IIB background by performing two T-dualities along the K3 directions. 
This converts the D5 brane into a D7 brane. Therefore the axion will be non-constant 
and together with the non-trivial dilaton this will determine a non-trivial r for the Gimon- 
Polchinski model. This is of course consistent with the results of the previous section. 

Since the warp factor is assumed to be small everywhere, the theory will be weakly 
coupled. The absence of cross terms in the heterotic metric (3.19) implies that there is 
no Hns flux. The above arguments give us a simple way to verify that supersymmetry is 
preserved on the type IIB side. Indeed, by reinterpreting the flux background in terms of 
branes we have just obtained a D7 brane solution for type IIB. This, of course, preserves 
supersymmetry. At this point it is instructive to compare with the higher dimensional 
examples discussed in [^,[0. Assuming we start on the heterotic side with the metric 



described in and perform the string dualities to get to the IIB side, the metric we 
obtain is 

ds^ = A"^rfsoi23 + A ds^3 A dspi. (4.5) 

Observe that all the internal directions are proportional to the same power of the warp 
factor. By identifying A with the harmonic function of a D3 brane, i.e A = \/Hs, the 
metric (4.5) becomes the D3 brane metric at a point on the six manifold K3 x T"^ /I2. 
This implies t = i. This is consistent because switching on fluxes creates a background 
that simulates a D3 metric with a vanishing axion-dilaton, giving us F-theory at constant 
coupling. On the dual heterotic side we will have A^5'5 branes wrapping the flber of the 
non-Kahler manifold. This is similar to the discussion in the previous paragraph in which 
we had a non-Kahler space with Ti. torsion being replaced by A^S'5 brane metric. The 
03 charge in the type IIB picture is cancelled either by fluxes or by D3 branes. On the 
heterotic side the 05 charge (due to the generator is cancelled either by the torsion 



or wrapped A^S'5 branes. The above discussion supports the picture developed in |]59[1 . 

There are two important questions we should answer before proceeding. The flrst 
question is why for (3.19), we are not at constant coupling point of the Gimon-Polchinski 
model when the D3 brane picture is consistent at constant coupling? This is simply because 
of the construction. For the non-Kahler example of |T^] , , the directions along which we 
were performing dualities did not scale with the warp factor. Whereas in the present case, 
because of the overall conformal factor, the duality directions scale with the warp factor, 
giving us the metric (3.30). 
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The second question is a little more subtle. In the brane picture on the heterotic side 
we have NS5 branes wrapping the fiber of the non-Kahler manifold. The fibration is non- 
trivial because on the type IIB side we had Hns fields that T-dualise to the metric. When 
we replace the three-forms and H^s by D3 branes, the naive expectation is that we 
will get NS5 brane wrapping a with trivial fibration. Why aren't we getting a non- 
trivial fibration here? It turns out that to get a non-trivial fibration we have to consider 
the abelian instantons on the type IIB side. Indeed, the existence of abelian instantons on 
the type IIB side can be verified as follows. The D3 branes used to cancel the 03 charges, 
can be thought of as coming from the D7 brane coupling J A F A F, where F are the 
D7 brane gauge fields and is the type IIB four form. Since we also require the warp 
factor equations for both cases (one with fiuxes and the other with branes) to be identical, 
we need the gauge fields A on the D7 branes to be related to the B = B^s field of type 
IIB as 

R —A 

with the direction of the fiber. These B fields dissolve on the heterotic side to appear 
as abelian instantons on the base K3. 

The above consideration of the three-form background in the heterotic / type I case can 



also be verified using the analysis done in [59]. Here it was shown that the heterotic three- 



form is determined in terms of generalized calibrations of [72|, related to the G-structures 



of According to these references, there exist a generalized calibration- form E, which 
determines the possible three-from background Ti in the heterotic theory via the relation 

*n = dE + EAd(l) (4.6) 



where (j) is the dilaton. For the six dimensional non-Kahler manifold studied in [16|,[17|,|pi 
this would reproduce the relation that we derived in ||2^] via the superpotential. For the 
present case of conformal K3, the first term of (4.6) would vanish and we will have exactly 
the relation (3.20). Further confirmation of the choice of the metric that is taken here 



(i.e the conformal K3) comes from analyzing the torsion classes |j7^ , , . For the 
conformal K3 case, we get 



Wi = W2 = W3 = 0, W4 = W5 = 2 



(4.7) 



where Wi, i = 1,....,5 are the five torsion classes. Since all these details have already 



appeared in [73|,[74|,[59]we will not repeat them here. An additional insight that one 
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can get from [59| is that the background (3.19) is actuaUy a heterotic five brane ansatz 
transverse to the K3, as observed ear her. In fact taking a five brane — wrapped on a 
cahbrated cycle of a given manifold — we can reproduce the torsional constraints in any 



dimensions. This is the basic idea followed in the series of papers |5£]. Thus the derivation 
given in sec. 3 of this paper will serve as a third way of getting the background. Happily 
all these way of deriving the result are mutually consistent. 

This completes our discussion of six-dimensional compactification with fiuxes. We 
now turn to the discussion of new four dimensional compactifications with fiuxes and some 
related phenomenological issues. We begin with an alternative derivation of the non-Kahler 
manifold with zero Euler characteristics that are of the form of bundles on K3. 



5. Bundles on K3: An Alternative Description 

In this section, we shall discuss the special case of non-Kahler manifolds given by 
nontrivial bundles on K3 surfaces, of the form discussed in |1G],[17|,[18|,[19|. These are 



examples of complex threefolds with nowhere- zero holomorphic three- form that, unless the 
bundle is trivial, are necessarily non-Kahler. It was argued, for example in that 



these complex manifolds satisfy all the necessary conditions for a consistent non-Kahler 
compactification. 

These particular non-Kahler compactifications have another interesting property: 
there is no warp factor on the uncompactified directions |T^], []T^, making these models 



especially amenable to methods of analysis developed for use with Calabi-Yau manifolds. 
For other non-Kahler compactifications there could be a warp factor on uncompactified 
directions. 

The examples in this section deal with internal manifolds with a vanishing Euler 
characteristic. This is, of course, not an essential feature of consistent non-Kahler com- 
pactifications. In later sections we shall discuss numerous examples with nonzero Euler 
characteristic. Moreover, the number of generations is computed in terms of the Chern 
classes of the gauge bundle and not the Euler characteristic. 
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5.1. Consistency Check via Duality Chasing 

In this section we will argue that heterotic compactifications on bundles on K3^s 
are consistent using duality chasing, an alternative approach to these backgrounds than 
previously discussed in |jT^,|T^,[^. The previous analysis dealt with constant three-form 



fields only. The argument in the present case has the advantage that it will allow us to 
check consistency for non-constant three-form fields on the heterotic (or even type IIB) 
side. The generic three-form we would like to consider satisfies 

where N\j^j^ is the Nijenhuis tensor. If the manifold is complex the Nijenhuis tensor 
vanishes; otherwise it is another anti-symmetric tensor. Notice that, the derivation of 
the superpotential, does not take into account whether the Nijenhuis tensor vanishes or 
not. The generic three- form (5.1) can be non-constant, but should satisfy the torsional 
equation. 

Summary of Known Results 

Let us begin with a brief review of previous work on heterotic compactifications on 
3-folds of the form of T^-bundles on iiTS's. Our work on this subject started with the 
construction of a particular heterotic background for compactifications on such manifolds 
using duality transformations of a consistent background in M-theory. The particular 
M-theory background used in |jl^ and [0, was the four- fold K?, x K?, and the duality 



transformations were performed in several steps as follows. 

1. We include G- fluxes on x KZ. These should satisfy 

d*G = -\G AG+{2T:f Xs, (5.2) 

Since this manifold satisfies c\ = 0, (where c\ is the first Chern class), we can integrate 
(5.2) over the four- fold obtaining 

G'AG= ^, 
24' 

where x 7^ is the Euler characteristic. 

2. This solution is lifted to F-theory on x (T^ x T^)/X4, where T4 is an orbifold 
operation that reverses all the directions of T^. 
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3. The is shrunk to zero size. This gives us type IIB on a compact six manifold of 
the form K3 x T^/Za, where Z2 = Q ■ (-1)^^ ■ a and a reverses the two directions of 
the torus T^. 

4. The M-theory fluxes become NS and RR three-form fluxes on the type IIB side. 
These three- form fluxes should have two legs on the K3 and one leg along the T'^/Z2 
direction. This is possible because K3 has 2-cycles but no 3-cycles. Furthermore, such 
a choice of three-form fluxes survives the orientifold projection. 

5. This type IIB background is transformed to the heterotic side by two T-dualities and 
one ^'-duality. The heterotic metric is given by [|16|, [0, [[75] 



ds2 = A2ds^3 + |d2 + /|^ (5.3) 

where z is the complex coordinate of the fiber and / depends on the coordinates of 
K3. For the choice of constant fiuxes / takes the form f = 2i z^dzi — (4 -|- 2i)z^dz2, 
where z^'"^ are the complex coordinates of the IXa, limit of the base K^. 

Steps for Generating the Background 

Our duality argument for the consistency of compactifications on non-Kahler manifolds of 
the form discussed above begins with an orbifold point of the six manifold K?) x T^, and 
works locally about a point close to one of the orbifold singularities. This is equivalent to 
taking a non-compact six manifold of the form jX/^ x which is nothing but a torus 
fibered over a Taub-NUT base. This fibration is trivial. To get the complete supergravity 
background we shall consider the following steps: 

1. Consider a type IIA background with a NS5 brane oriented along the x'''^'^'^'^'^ di- 
rections and two D4 branes oriented along x^'^'^'"^'^ and x*^'^'^'"^'^ respectively. The 
directions x^'^'^ lie on a . Since this system consists only of branes, the supergravity 
solution can be easily written down. 

2. We consider two of the cycles of the along the x^'^ directions and make a twist on 



the coordinates described by the matrix |j76 



cos OL — sm ol\ 

n ' 5.4 

sec a J 

where we have taken unit radii for all the three-cycles of the (we consider equal 
radii for the cycles for simplicity). 
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3. We now T-dualize R 1/R along the direction. This wiU lead us to our required 
non-compact six manifold R^/I^ x with the TN oriented along x^'^'^'^ and the 
torus oriented along x^'^. The twist (5.4) will induce a threeform NS field strength 
with components -ffesr where r lies in the TN direction. The two D4 branes will 
become two D5 branes along the x'^'^'^''^'^'^ and x'''^'^'^'^'^ directions, respectively. 

4. We now apply S-duality. This will convert the Hns field to a Hrr field, along with 
the D5 branes to NS5 branes. The NS5 branes will now be sources of Hns fields 
with components H^r^r2 ^^'^ H^r^ri^ where are the spatial directions along the TN 
space. At large distance from the NS5 branes we see a configuration R^ jX/^ x with 
one leg of the NS-NS and the RR threeform fields along the toroidal directions x^'^. 
This configuration is analogous to the type IIB configuration presented in [^,[|17 . 



5. T-dualizing the x^'^ directions of the torus will convert the two NS5 branes into 
geometry. The fact that the x^'^ toroidal directions are non-trivially fibered over the 
base can be easily seen from the action of the twisting incorporated by the NS5 branes 
when they convert to geometry. 

Precise supergravity analysis 



The steps mentioned above are not new and have appeared in a different context in |T7 



The brane configuration in type IIA is a grid-like configuration and is somewhat similar to 



the brane-box configuration developed in [|7§]. The two D4 branes form a grid along the 
2;8,9 (directions with NS5 branes filled in it. See the figure belowH. 



D4 











NS5 











D4 



Fig. 3: Grid diagram showing the D4 grids and NS5 branes inside. 



^ Since the above configuration is a part of a bigger structure (not considered in details liere), 
we expect susy to be preserved in tlie fuller picture. And since susy is not relevant to this analysis, 
we will ignore it. 
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The supergravity solution for the system can only be written if we delocalise some of the 
directions. We will assume that all the harmonic functions fi depend on the = x^'^'^'^ 
coordinates only. If we denote the harmonic function of the NS5 branes as h, the metric 
of the system will be given by 

ds'^ = /i(isoi23 + f2dsl + fsdsl + hf^^dsl^Q-j. (5.5) 

The above metric of the grid is untwisted. Now we will twist the directions x^'^ using the 
matrix (5.4). The harmonic function of the NS5 branes can be determined in terms of the 
twist angle a as 

/i = /1/4 sec^ a — /1/2 tan^ a, (5-6) 

where f^iy^) measures the distance along the direction in the twisted metric. The 
metric along the x^'^ direction can be written as 



966 968 \ ^ f /4 /2tan a 
986 988 J V /2tan a f2sec^ a 



(5.7) 



where we see that a cross-term has developed. The other directions of the system do not 
change and therefore the metric remains the same. The metric of the deformed grid is 
the first step of the chain of dualities that we use to arrive at a heterotic compactification 
on the non-Kahler manifold. Before we go into more details it would be interesting to 
ask whether the above grid model can have a partial decomposition in terms of different 
numbers of NS5 branes placed in adjacent grids. This is where our configuration differs 



from the usual brane box configuration developed in [|7^. For the NS5 branes to break (or 
alternatively if we want to keep rii number of NS5 branes in the ith grids) we would require 
a coupling on the NS5 branes of the form J C5 A A where A is a one form on the NS5. 
This coupling is easily ruled out because the multiplets propagating on the NS5 branes are 
(2,0) anti self-dual tensor multiplets that have as its propagating degrees of freedom. 
In terms of M-theory this configuration is actually a single M5 configuration since all the 
D4 branes become M5 branes when the type IIA coupling become very strong. Now the 
grid structure in type IIA can separate into two regions: one without twist and the other 
with a twist. As we will see below, the regions inside the grid, i.e the area x^'^, will have 
the usual fiat metric of a two dimensional (compact) space. The regions outside will be 
twisted by the twist generated from U-duality. 

To see how this comes about, we take our deformed grid structure in type IIA and 
perform a T-duality along the direction and then a S-duality. Under a single T-duality, 
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the type IIA configuration will go to chiral type IIB theory with the NS5 branes inside 
the grid converting to a Taub-NUT manifold. The two D4 grids will convert to two D5 
branes sharing now four common directions. Under a further S-duality the theory will go 
to a brane box configuration with two NS5 branes forming the sides of the box. See figure 
below. 









NS5 / 








NS5 









Fig. 4: Two NS5 branes forming a box embedded in a Taub-NUT space. 



This box-like configuration will be embedded in a Taub-NUT space with a RR three- 
form field. The origin of this RR three- from field is the deformation of the type IIA grid 
structure by an angle a. The two NS5 branes that form the two sides of the box give 
rise to H^s fields whose lines of force extend out of the box. These two NS three- forms 
twist the x^'^ torus. We can therefore view the configuration in the following way: We 
take a two-dimensional slice (along x^'^) of the brane box. This separates the box into 
two regions. One of the regions will be thread by the H^s sources and a field with 
component 

Hrr = dr{f2fi^) tan adr ^ dx^ A dx^ . (5.8) 

These sources will twist the geometry after applying two additional T-dualities. 

What remains to show is that the NS5 branes produce the necessary twist in the 
geometry when we T-dualize twice. This has already been discussed in some earlier work 
(see for example ||7^) so we shall be brief. To see this let us first define the following set 
of matrices [|T^: 

^-6(_)=ff«- l^A^ ,= ff fV (5.9) 
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Here B are the two sources of the NS5 branes and (7^1, is the metric of the brane box 
configuration (we choose fj.^u = 8,9 and m, n to be the rest of the coordinates). The 
corresponding T-dual metric wiU be denoted by G^,^. The metric after two T-duahties 
is now related to the metric of the IIB brane box configuration by the foUowing simple 
relations: 

trG' = tr5f"\ det G = det fif"^ 

_ det{bai + gas) _ det{ba2 + gai) 

^'"^ - d^g ' - d^^^ (5.10) 

„ _ tr (60-4) det {bai + gas) + tr (60-3) det {ba2 + gai) 



det g 

where we have only shown the possible components of the metric. A similar analysis can 
be performed for the other fields in the theory. This have been worked out in detail in 
r^ . The matrices cr^ are the Chan-Paton matrices and are given by 



^^=(J 0)' ^2=(o J)' ^^=(0 ^^=(? o)- ^^-^^^ 

Prom the above set of relations it is easy to see how the x^'^ torus gets twisted by the NS5 
sources Bsm and Bgn- The Hrr field in the type IIB framework is mapped to H^s after 
two T-dualities and a S-duality (which we will describe soon) . But there is a possibility of 
the following cross term 

where we have denoted the RR field as B' and the B field after T-dualities as B. However 
for our configuration — wherein we consider the region inside the box and compare with 
the region far away outside the box — the threeform sources could be taken to be effectively 
constant and therefore (5.12) would vanish by the same reasoning as we had in Using 
now the set of relations in (5.10) we can easily see that the two sides of the brane box 
and x^ twist in the following way 

dx^ ^ [dx^ + tr (bai) ■ dx) 

Vtr (gai) 

^ I ^ (5.13) 

dx^ = (^dx^ + tr (bas) ■ dx) . 

Vtr (gas) 

This is what we expect for the non-Kahler manifold. However, the physical meaning of the 
twist can now be described in terms of the NS5 brane action without going through the 
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technicalities of (5.10). In fact, each of the NS5 branes converts to a Taub-NUT geometry 
after one T-duahty. For example, a T-duality along the direction converts one side of 
the brane box to geometry without affecting the other side. The second T-duality converts 
the other side of the brane box. The twist mentioned above in (5.13) comes from the 
source uj of the NS5 brane which is related to the harmonic function h of the NS5 brane 
in the following way: 

curl u = — grad h, (5-14) 

where the curl and the grad operations are along the ^^'^'^'^ directions with compact. 
Therefore until now we can conclude: inside the box (which we take as a 2d slice) the torus 
is a simple square torus (to be more precise it is R^) fibered over base. Outside 

the box the x^'^ directions get twisted by the TN twist given in (5.13). This twisted is 
fibered over a conformally scaled Taub-NUT base. 

Part of the analysis above may seem a little confusing to an attentive reader. First, the 
discussion above only makes sense for type IIB strings whereas we are more interested in 
type I (or heterotic) strings. To dualize into the desired string theories, we must introduce 
orientifolds. Second, our analysis did not take into account the possibility of non-abelian 
gauge multiplets. The first issue can be easily tackled. In our analysis, spacetime was 
divided into a space inside the box and a space outside the box. The geometry inside 
the box was of the form R'^/14 x R^. However we always have the freedom to impose an 
orientation reversal on the strings moving along the R^ directions, i.e. 



Imposition of such an orientation reversal would have the effect that the pair of global 
T-dualities would map a spacetime of the form described inside the box into a type I 
background. A similar argument can be given for the region outside the brane box. The 
two D5 branes (forming the box) survive under the orientation reversal and the duality 
chain lands in type I theory. Applying an overall S-duality lands us in heterotic strings. 
Therefore we identify the twist mentioned in as the T-dual of two intersecting NS5 
branes, as outlined here. Surprisingly the above analysis is not affected by the underlying 
theory and appears to be background independent. Our only concern here would be to 
keep those fields that would survive under the orientation reversal O as well as under the 
space orbifolding. Happily, our choice of background is consistent with this requirement. 
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The second issue is more serious. Our analysis above is not sufficiently general to take 
into account non-abelian gauge mutiplets in the corresponding heterotic (or type I) setup. 
This is because the type IIA grid, or the brane box in M-theory (in which the sides of the 
box are M5 branes), is a little too naive. In order to describe non-abelain gauge multiplets, 
one must have additional singularities along the spanning the x^'^ directions. These 



singularities are similar to the stringy cosmic strings of Greene et. al. [qO| and therefore 
we have to allow some point-like singularities on the 2d space R^. 

Such a setup is realised in F-theory and therefore it should come as no surprise that 
similar ideas must be applied here. The point like singularities define monodromies of the 
form 



M_ 



1 



pq p 
q"^ 1 + pq 



(5.15) 



where p, q are the labels that is used to write any p, q strings in this background. In fact 
these point like singularities correspond to the {p, q) seven branes that physically realize 
the gauge symmetry enhancement. As has been discussed in [PT|, the monodromies Mp^q 
introduce branch cuts in the two-dimensional space, and any string crossing such a branch 
cut will be converted to its S'L(2, Z) cousin via the matrix Mp^q. For our case — where we 
requite a singularity at a point — this has been worked out in We require three 
monodromy matrices of the form 



1 1 

1 



9 



-1 



Ml 



2 1 
-1 



(5.16) 



We know from [^,[|T9| that we need four local D7 branes and two (p, g) seven branes. 
This implies 

Mi4^o.M3,_i-Mi,_i = -/ (5.17) 

where / is the identity matrix. The above relation is indeed realized by the choice (5.16). 
To understand this further we can choose to isolate the singularities so that the monodromy 
action can act independently. In terms of our earlier analysis in this implies we would 
be in a situation where the type IIB dynamics can not be described perturbatively. In the 
figure below 



o o o o • o 
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the four branch cuts associated with Mi o are shown with white circles, whereas the other 
two branch cuts are shown with dark circles. A string crossing this set of branch cuts will 
undergo a total monodromy computed in (5.17). This is of course only a local picture. 
The global picture is not captured herei. The perturbative subgroup realised here is 
SU{4) X ^7(1), and therefore if we allow a monodromy of — Mf q at infinity instead of — 1, 
i.e 

Ml+^ ■ Ms,-i ■ Mi,_i = -Ml^o, (5.18) 

where n is an integer, a perturbative subgroup of SU {n + 4) x U{1) will be realised in our 
framework. The full non-perturbative symmetry is of course -Dn+4 which is the type /* 



singularity of [^1[. The adjoint therefore decomposes as |]8l 



(n + 4)(2n + 7) 



(n + 4)'-l + l(n + 4)(n + 3)_2 



+ -(n + 4)(n + 3)^2 + 1 (5-19) 



where ±2 are the possible U{1) charges. For the case discussed earlier the decomposition 
(5.19) will tell us how 28 (the adjoint of D4) is decomposed under SU{4). The above 
analysis can be extended to the case when we can have exceptional singularities. The 
existence of these points in the moduli space was shown earlier (in the F-theory context) 
82[]. The monodromy matrices for these cases have all been worked out in |8^]. The 
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result can be presented in the following table: 



Group 


Monodromy 


Perturbative Group 


Degeneration 




Mf o ■ Ms,-i ■ Mi,_i = -1 


As X U{1) 


Z2 


Eq 


Ml,-Ms,-i-Ml_^ = (ST)^ 


A4 X Ai 


Zs 


E7 


Ml, ■ M3,_i ■ = ^2 


A5XA1X U{1) 


Z4 


Eg 


Ml, ■ Ms,-i ■ Ml_, = ST 


AqX Aix U{1) 


Zg 



Note that we have also pointed out possible monodromies on i?^ — {0} corresponding to 
the singularities. The matrices S and T are given by 



S 



-1 

1 



T = Ml n 



1 1 
1 



(5.20) 



^ Globally there is an underlying Weierstrass equation y = ^/ {x — ei){x — e2){x — 63) with 
discriminant A = (ei — 62)^(62 — 63)^(63 — ei)^. The polynomials d are functions of z, the 
coordinate of R^. This story is very well known, and so we will not discuss it further. 
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The reader might now ask what in our original type IIA grid structure corresponds to 
the monodromies hsted above. The grid structure can be hfted to M-theory where it is a 
simple configuration of M5 branes forming a box. The singularities discussed above should 
lift to Atiyah-Hitchin (AH) space with our M5 box embedded in it. The non-abelian 
monodromies from F-theory tell us that we require a combination of AH and Taub-NUT 
spaces on top of each other instead of just the AH spaces. For a single TN space over a 
AH space, this is just the double cover of the AH space and as such supports an anti 
self-dual harmonic two form Oq. A naive expectation would be that the heterotic gauge 
fields are coming from the usual decomposition of the G fluxes over Oq. This is not quite 
the case, partly because the M5 brane box structure will back-react on the system and 
will change the analysis. This back-reaction is not too difficult to work out for some cases. 
Observe that even though in type HB the analysis resembles the one given in [|T6| , [|T7| , 
the T-duality to type HA and its subsequent lift to M-theory is completely different. In 
both cases the seven branes become six branes in the HA picture, but are oriented along 



different directions. In [^,[|T3, the six branes would wrap the K2> manifold and would 
stretch along the remaining 2-M dimensional spacetime. T-dualizing such a case yields 
a four-fold in M-theory, whereas the T-dualities here give rise to a grid structure in M- 
theory. The other K?> in the four-fold (constructed d la Borcea) comes from the specific 
distributions of the seven branes that would curve the space to make it compact. On the 
other hand, here we have an M5 brane inside a five-brane brane box. In the figure below 
the sides of the box are all M5 branes and the shaded cross-section is another M5 brane 
inside the box. The M-theory direction is given by x^^ . 




Fig. 6: An M5 brane inside a five-brane brane-box embedded in a curved geometry. 
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The whole system would have to be embedded in a curved geometry that is constructed 
out of the double cover of the AH spaces and multi TN geometries. Whether it is possible 
to get a fully compact version of this is an interesting question. Our analysis only gives us 
a non-compact scenario (the branes being all non-compact). The gauge fluxes in this case 
would come from the specific distribution of the harmonic forms Oq taking into account the 
possible back-reactions from the brane-box. For the four-fold case, wherein we consider the 
jX/^ limit of one of the -ftTS, the distribution of the localised gauge fluxes also get affected 
by the presence of non-localised fluxes. For the generic case, when we are away from the 
orientifold limit, the localised G-fluxes will be slightly different from the one presented in 
20[] because of the back-reactions, and is given by 



G 

— = F Adg Adifj + .. (5.21) 
27r 

where the dotted terms involve the other coordinates of the TN space and t/j is the compact 
circle with asymptotic radius R. We have denoted the abelian gauge fleld at one of the 
orbifold points by F. The complete non-abelian generalisation can be done following the 
procedure illustrated in [|2^. The value of g{r), for some speciflc cases, has been calculated 
^ |. We can use a similar arguments here to get the contributions from the flxed points. 
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5.2. An Example with a U{1) Bundle and a Nonzero Number of Generations 

Having given an alternative way to get the non-Kahler space, it is now time to do 
some explicit calculations of vector bundles on this space. In this section we will only 
consider U{1) bundles. 

Heterotic compactiflcations on U{1) bundles, in addition to being phenomenologically 
nonviable, are also often plagued by other difficulties, such as anomalous C/(l)'s (typically 
Higgsed via Dine-Seiberg-type mechanisms) . For the speciflc purpose of further illustrating 
aspects of bundles on ETS's, we shall here count the number of generations in an 
oversimplistic example with a U{1) bundle, using general ideas described earlier in section 
2.4. 

In particular, we will evaluate the number of generations, A'^gen when 

1. The spin connection is the torsional connection. 

2. The spin-connection is not embedded in gauge connection. 

3. The Euler characteristic may (or may not) be zero. 

4. Non-trivial warp factor is taken into consideration. 
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Of course (2) and (3) are related. When the spin connection is embedded in the gauge 
connection, the number of generations is given by half the Euler characteristic of the 
manifold [|l|, essentially a very special case of the calculations in section 2.4. However, 
more generally the number of generations is computed in terms of the gauge bundle, and 
not the underlying space. In particular, when the torsional connection is different from the 
gauge connection, vanishing of Euler characteristics does not imply the vanishing of Ngen- 
The next important issue is the existence of a non-trivial warp factor. Fortunately 
this is not a problem for the backgrounds that were studied in [1T6[] , jlTfl , because in those 



examples, there is no warp factor for the the noncompact directions corresponding to low- 
energy spacetime. In general, the metric for a non-Kahler space constructed as the total 
space of a T^-bundle on K3 can be written in the form: 

ds^ = A'^ rfsgi23 + dsj^s + (dz + /) {dz + g) , (5.22) 

where /, g are some functions of the coordinates of K?,. For the cases studied in [^,[0, 
m = p = 0,7i = 2. This implies that the warp factor will not effect the calculations of 
A^gen- In the type I theory, m = — l,n = l,p = —1, and therefore evaluation of A^gen might 
be a little subtle. 

Computing the number of generations, in both Calabi-Yau and non-Kahler heterotic 
compactifications, was outlined in section 2.4. As mentioned previously, let us apply those 
methods to very simple models with gauge group for some integer n. (Such examples 

are prone to certain technical difficulties, which we will ignore as our interest here is in 
giving an easy overview of some technology.) Recall the Chern classes of the gauge bundle 
are given by0 

C2 = ^ [tr (F A F) - tr F A tr F] (5.23) 

1 

C3 = - — ^ [2tr (F A F A F) - 3tr (F A F) A tr F + tr F A tr F A tr F] , 



The general formula for the Chern-class c„ for a gauge bundle F = T°'F°' (where T'^ is the 
generator of gauge group G) is given by 



(-I)'" 



5{n — ki — ... — nkn) 



ki\..kj 



tr F\'=i / tr F^V^ / tr F" ^ 



87r2 / Vn2"7r" 



where the traces are taken in the fundamental representations and m = n + ki. 
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where all the traces are in the fundamental representations of the gauge group. For the 
case of principal U{1) bundles these traces are very simple. For non-abelian gauge fields 
these traces are computed using the structure constant fabc or dabc of the gauge group, 
with generators T". As usual in heterotic compactifications, the gauge field must satisfy 
(3.34). This would imply that a generic U{1) bundle has the following form: 



F = Fij dz' A dz^ , (5.24) 
with i^j running over all the complex three coordinates z^''^'^. Furthermore F constructed 



above should be real. The above form of the gauge bundle has also appeared in |j7^ with 
the components of F restricted to the base only. We, on the other hand, will be working 
with general F. One can show that the components of F are in general of the form: 



(5.25) 



Here we have taken /i, /2 and /a to be real. All the other /jj are complex quantities. To 
evaluate the number of generations for the above choice of the gauge bundle we have to 
make sure that tr FAF satisfy the necessary Bianchi identity as we are not embedding spin- 
connection in gauge connection. Furthermore we will not have vanishing tr RA R because 
of the existence of non-trivial warp factor. We will tentatively take tr R A R = C4(A), 
where (^4 is an appropriate four-form written in terms of the warp factor A. Our case will 
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be different from the analysis of in this respect. For the non-Kahler manifolds of the 
form of T^-bundles on K3^s, with metric of the form (5.22) with g = f, tr F A F is given 

by 

tr F A F = dz^ A dz^ A dz^ A dz^ 

(5.26) 

= C4(A) -dd f Af- ddA^ A {dz^ A dz^ + dz^ A dz^). 
With the choice of / given in (3.1), the value of T in the above relation can be worked out 
in complete detail. What remains now is to evaluate the value of the components Fjj.The 
first requirement, for an abelian bundle, is the equation dF = 0. Putting this condition 
on (5.25) give rise to nine relations between the nine variables. They can be written as: 



id2fi + dih-2 = 0, 
i dif2- 92/12 = 0, 
i dif3- 93/13 = 0, 
93/12 + 9i/23 = 0, 



^93/l + 9l/l3 = 0, 
i 93/2 + 92/23 = 0, 
i 92/3 - 93/23 = 0, 
93/12 - 92/13 = 0, 



(5.27) 
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92/i3 - ^1/23 = 

These relations are in addition to the constraint on tr F A F imposed by the Bianchi 
identity (5.26). But this is not enough. There is yet another condition on the components 
of fluxes from the Donaldson-Uhlenbeck-Yau equation F^iJ"'^ = 0. To evaluate this we 
require J"^, which is given by: 



(5.28) 



Multiplying (5.25) with (5.28) will give us another condition on the gauge bundle. At this 
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point it is instructive to compare the analysis done in 
of the two form J for the Iwasawa manifold is given by: 
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(5.29) 



2(1 + k1')/ 



/12 o\ 

z/2 , J 

0/ 

where the Donaldson-Uhlenbeck-Yau equation yields /i + /2 = ||T^. Observe that [ff3 
have not taken the warp factor into account in the metric and therefore their results do not 
involve the third component of the gauge field. Furthermore, in our case, even though we 
have restricted our metric to the form (3.19) with the warp factor on the K3 direction, we 
are no longer considering the case in which the warp factor depends only on the coordinates 
z^, z^ and is completely independent of the coordinate z^ . This would imply that the -F^a 
and components are non-zero. The Donaldson-Uhlenbeck-Yau equation restricts the 
values of these components further. The additional constraint equation is 



/i -f /2 + 4(A2 + 5|^i|2 + |^2|2^ + 4,iin (^2 ^ 4j^e ^^2z + \)z^h^ = 0, (5.30) 

which, in the absence of the third components of the gauge field, will become the condition 
elaborated in [^. From the above analysis one can see that the U{1) bundle (5.25) on 



non-Kahler space of [jT^,[jT^ have to satisfy a set of equations resulting from (a) Donaldson- 
Uhlenbeck-Yau equation (5.30), (b) equation of motion (5.27), and (c)the Bianchi identity 
(5.26). The case when 



1, C4(l) = 0, fas = fa-3 



0, 



/3 = 0, 



(5.31) 
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has been worked out in [73]. For our case the situation is involved which we wiU discuss 
in some details soon. Let us go back to the issue of the number of generations for the case 
when the group is simple. Ten dimensional heterotic theory has a gravity multiplet and a 
vector multiplet with components 

where ± denore the chiralities of the fermions which are Majorana-Weyl. The vector 
multipletQ transforms in the adjoint of the gauge group SO{32) (or Eg x Es). The spinor 
in the vector multiplet will decompose in the usual way as A~{w) = t(j{x) © ?7(y), where 
tl^lx) is the spinor on the four-dimensional Minkowski space and r]{y) is the spinor on the 
non-Kahler manifold with and as the coordinates of these spaces respectively. Also 
let the ten dimensional gauge group G decompose as Gi and G2 with the four dimensional 
spinors transforming under Gi and the six dimensional spinor transforming under G2- The 
248 therefore decomposes under G Gi x G2 as: 

248 = 5^ nij (I, J) (5.32) 
i,j 

where /, J are the representations of Gi, G2 respectively and njj is the multiplicity of a 
given generations (we are following the notations of , which the readers can refer to for 
greater details). The number of generations (in the representation /) can now be evaluated 
from the six dimensional Dirac index. The result is: 

^io-^i:^^^Q/t^^(^/\^/\^)-i^/t^^^-^(^/\^)) (5-33) 

where the subscript J and Tr stand for J representation and the trace in the adjoint 
representation respectively. For any simple gauge group other than f/(l), trj F = 0, and 
therefore the number of generations is given by a simple formula. For these gauge groups 
it really does not matter whether C2{F) vanishes or not. The final result for any simple 
gauge group is given by the third chern class cs{F), just as outlined in section 2.4. 

Let us now return to the specific U{1) example that we were discussing earlier. Take 
/i,/2 and /a to be constants. From (5.30) it is clear that we cannot take fas or f^^ to 
be constants. From (5.27) it is also clear that /13 should be independent of and z^. 



11 



We are suppressing the gauge indices. 
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Similarly should be independent of z'^ and z^. The other component /12 should be 
independent of z^ and z"^. Therefore, one specific solution to the set of equations (5.30) 
and (5.27) would be to take the functions /^^ as: 

fl-2 = fl-2{z\ Z'), fl-3 = fl-3{z\ Z'), /23 = /23(^\ z' , z'), (5.34) 

where (5.30) is satisfied because the warp factor is a function of all the coordinates. Of 
course this is only a specific solution and the not the most generic one. Furthermore, the 
choice of f^i in (5.34) also has to satisfy (5.26). To evaluate this we need the Riemann 
curvature in the presence of torsion. Recall that our torsional connection is u — u — ^H. 
Using this we get 

Rmnpqi^) = Rmnpq{^) + [pT^q\mn + '^T^sm[pT^^ q]n (5.35) 

where V = V(c<;). This also has the usual property of antisymmetrization. The Ricci 
tensor is defined as R{uj)^ msw which does not vanish when we have non-trivial dilaton 
and gauge fields. Now using (5.35) one can evaluate C4(^) in (5.26). Plugging in the values 
of f^i in (5.26), one can therefore determine a solution for the U{1) gauge bundle. 

Knowing the explicit form of the gauge field, the next step is to evaluate the number 
of generations, as reviewed in section 2.4. All the traces are determined in terms of 



U{1) charge in the J representation, which we will call, following [^^, as ej. Therefore 



tr jF^ = CjF^, Tr = j ^ij dim / Cj j = (Tr e^) F^. The number of generations 
is now given by [48]: 

1 r 1 1 /" 

nij e^j ej Tr / F A F A F, (5.36) 

87^3 J 240 Jm. 



''gen 4g^3 



with the integration being done over the non-Kahler six manifold. Observe also that tr jF 
is non-zero only for the U{1) case. However if we also demand that the first Chern class 
of the bundle to be always zero then, from the analysis above ej = 0, and therefore the 
number of generations will have to vanish. For the non-abelian case, this is not a problem 
because having ci(F) = does not imply anyway A^gen to vanish. 

This completes the unphysical U{1) example on non-Kahler manifolds of the form of 
T^-bundles on K3^s. In the next section we will review some additional smooth examples 
of non-Kahler manifolds that could have non-zero Euler characteristic. 
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6. Smooth Examples with Nonzero Euler Characteristic 

In much of this paper we use string duality arguments to construct orbifold compact- 
ifications with fluxes. However, in principle smooth examples also exist. 

Some easy examples of manifolds that can be used in flux compactiflcations are the 
group manifolds underlying ungauged (2,2) WZW models [^, such as for example x S^, 
which are, by construction, flux compactiflcations, albeit in strongly-coupled sigma models. 

However, such examples all have vanishing Euler characteristic, and although the 
number of generations is computed from properties of the bundle, it is still nice to have 
examples with nonzero Euler characteristic. We shall review a few such examples next. 

6.1. Connected Sums of x 

The manifold x is almost, but not quite, a candidate for a non-Kahler com- 
pactiflcation. It has complex structures 0, and cannot be Kahler, but unfortunately does 
notlii have a nowhere-zero holomorphic top form in any known complex structure. 

However, although x is not suitable, connected sums of x 5''^'s are suitable. 
Connected sums of x S^^s are complex non-Kahler manifolds, just like S^xS^, but unlike 
X S^, connected sums do have nowhere-zero holomorphic top-form [|S^. Existence of 
suitable pseudo-covariantly-constant spinors on manifolds of this form has been discussed 
in the third reference of 



The Betti numbers of a connected sum of copies of x are given by 6o = 1: 
6i = 62 = = 64 = 65, 63 = 2N, and = 1. The fact that 62 = tells us immediately 
that these manifolds cannot be Kahler. 

Curiously, it can be shown (see [^, ||8^) that all complex non-Kahler six- manifolds 
with 61 = and 62 = are diffeomorphic to a connected sum of copies of x S^, for 
some N. 

It is straightforward to construct extremal transitions from ordinary Calabi-Yau's to 
connected sums of x S^^s: if the Calabi-Yau has 62 = 2n, then shrink n+1 rational curves 



These complex structures are easy to describe. View each as a U{1) bundle over 5^. The 
X S'^ base has a unique complex structure, and the x = fiber has a one-parameter 
family of complex structures. See [B6| for more details. 

There is an interesting mathematical subtlety here. The tangent bundle of x is topo- 
logically trivial, and hence has vanishing ci . Now, on a simply-connected Kahler manifold with 
vanishing ci, one automatically has a nowhere-zero holomorphic top form, but we see in this 
example that the Kahler condition is required for that statement to be true. 
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to points, and deform the resulting conifold singularities. Unfortunately, such transitions 
necessarily involve taking the Calabi-Yau to small size, and so target-space supergravity is 
not relevant - these mathematical extremal transitions cannot be understood physically in 
terms of wrapped branes, unlike cases studied in e.g. 0, where the extremal transitions 
all took place at large-radius, where target-space supergravity is a good approximation. 

6.2. Flops of Calabi-Yau's 

Another way to generate examples of complex non-Kahler manifolds with nowhere- 
zero holomorphic top forms is via flops. In cases studied previously in the physics literature, 
flops generate Calabi-Yau's; however, it is also true that in general, flops can break the 
Kahler condition, and so (modulo questions of the existence of spinors) could be used to 
give smooth examples. 

Now, since we are interested in heterotic compactiflcations, we are concerned with 
more than just the underlying manifold: we also have a bundle on that manifold. Thus, 
one needs to determine whether that bundle can follow the manifold through the flop. We 
would also require minimal susy in four dimension. This can be achieved if we allow the 
holomorphic (3, 0) form to exist in the flnal picture. Flops and a necessary condition for 
bundles to follow a manifold through a flop allowing a nowhere vanising (3,0) form will be 
discussed below. 

A special class of ordinary Calabi-Yau's, important for F-theory, are the elliptically- 
fibered Calabi-Yau's. A great deal of technology has been developed to study bundles on 
elliptically-flbered Calabi-Yau's, starting with [p8 |. 



In particular, starting with an elliptically-flbered Calabi-Yau, it is sometimes possible 
to perform flops in the flbers, so that the resulting non-Kahler manifold is again elliptically- 
flbered. This might help us to connect to some of the later examples that we will provide 
via dualities of orbifold backgrounds. These examples are all elliptically flbered as they 
come from consistent F-theory backgrounds. Of course the examples that we will discuss 
in this section are all smooth, but the fact that the elliptically flbered examples could be 
related to some duality chased string backgrounds (by blowing up orbifold flxed points) 
may provide a way to show that they could be solutions to string equation of motion. We 
will discuss a way to construct these manifolds via flops in the later part of this section. 
The issue of duality chased orbifold examples will be discussed in the next section. In this 
paper however we will not be able to provide a precise connection between the elliptically 
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fibered manifolds in this section and the F-theory backgrounds of the next one. More 
details on this will appear elsewhere. 

The techniques described in ||3^ and later work do not, in principle, require that the 



manifold be Kahler, or even Calabi-Yau, so one can now apply |3^] on the non-Kahler 



manifolds generated by these flops to create holomorphic vector bundles on non-Kahler 
spaces. This program has been pursued in [pO| . 

Let us now begin with the issue of flops and bundles on a non-Kahler manifold that 
would also preserve some susy in four dimensions. 

A few necessary conditions to pull bundles though flops 

Given that flops of Calabi-Yau manifolds can sometimes be used to generate non-Kahler 
manifolds, the reader might then ask under what circumstances bundles can be pulled 
through the flops. Experience with (0, 2) linear sigma models teaches that many bundles 
can be pulled through flops, but gives little geometric insight into what constraints exist. 
In this section, we shall work out some easy sufficient conditions, directly in geometry, for 
bundles to pull through flops. 

Begin by recalling that every holomorphic line bundle over CP^{= S'^) is uniquely 
expressible, as the direct sum of holomorphic line bundles, hereafter referred to as its 
components, and can be coded as an unordered n-tuple of integers representing the Chern 
numbers of the components. In particular the tangent bundle to CP^ has Chern number 
2, the trivial line bundle has Chern number 0, and a holomorphic bundle all of whose 
components have the same Chern number is the tensor product of a trivial bundle with a 
line bundle, and the Chern number of the determinant bundle of any holomorphic vector 
bundle over CP^ is the sum of the Chern numbers of the components. 

We now consider a copy C of CP^ (otherwise known as a rational curve) holomor- 
phically embedded in a three dimensional Calabi-Yau manifold X. We have the exact 
sequence of holomorphic bundles 

O^Tc^TxlC^Nc^O. (6.1) 

Since X is Calabi-Yau, the determinant bundle of Tx is trivial. It follows that the deter- 
minant bundle of Nc has Chern number —2. We will be interested in the case where both 
components of the two dimensional bundle Nc have Chern number —1. Let us write h 
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for the line bundle over C with Chern number 1, so that is the line bundle with Chern 
number k. Then the exact sequence above becomes 

Q^h'^ ^Tx\C ^h-^ ®h-^. (6.2) 

It is not true in general that an exact sequence of holomorphic line bundles splits. However 
this one does, and it is worthwhile reviewing the calculation that establishes this. To see 
what the issues are, let us begin by backing off to a higher level of generality. Let Y be 
any complex manifold and let 

O^^^E^S^O (6.3) 

be an exact sequence of holomorphic vector bundles over Y. The sequence splits, which 
means that E can be identified with A® precisely if the fiberwise identity map from 
B to B factors through E. To analyze the obstruction to this, we write consider the 
holomorphic cohomology sequence associated to the exact sequence 

^ Hom(S, A) Hom(5, E) Hom(S, B) 0. (6.4) 

The section of the cohomology sequence that is of interest to us is 

> iy°(y, Hom(S,£;)) ^ iy°(y, Hom(5,S)) ^ iy^(y, Hom(S,yl)) ^ • • • (6.5) 

The fiberwise identity map of B lies in the middle term, and the sequence splits if is the 
image of some element on the left Thus the obstruction lies in the cohomology group on 
the right, {Y,'Rom.{B , A)) . Now let us specialise to the case 

Y = C, A = h^, B = h-^®h-\ 

Then one can easily show, 

lioin{B, A) = B*0A = h^eh^. (6.6) 

Now we have H^{C, h^) has rank i+1 for i non-negative and rank otherwise. Scrre duality 
says that H^{C,h') is dual to H^{C,h-'-^), from which it follows that H\C, h') = for 
i > —2, so that the obstruction to a splitting must vanish in the case we are considering. 
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The importance of the vanishing of this sphtting obstruction is that it is also the first 
obstruction to identifying a neighborhood of the zero-section of the normal bundle with a 
neighborhood of C in X, which is essential to what follows. Without going into further 
details, it is the case that all obstructions to this identification vanish for similar reasons. 

Now we proceed to define the flop. By the above remarks, we will can restrict our 
attention to a suitable neighborhood of the zero section of the normal bundle. We next 
observe that, since both components of the normal bundle Nc have Chern number — 1, 
Nc is the tensor product of with a trivial two dimensional vector bundle. It follows 
that the projective bundle of Nc is trivial with fiber CP^, so that its total space has the 
form C X CP^ 

Let us again back off to more generality, to better understand the next move. Let E 
be a trivial n-dimensional vector bundle over Y. Then the projective bundle of E is trivial 
with fiber CP'^~^ Then C"^ — is the total space of a line bundle over CP^~^, which we 
will call h' . It follows that the complement of the zero section is the total space of a line 
bundle over E x CP^~^ with fiber nf{h'), where n^{h') denotes the puUback of h' by 
the projection on the second factor. If we choose a line bundle L ove Y and replace E 
by E <S) L, the projective bundle is trivial as before, but now the complement of the zero 
section is also the complement of the zero section in the total space of the line bundle 

Returning to the case of interest, we have F = C, where C is a copy of CP^. Moreover 
n = 2 so that the fiber of the projective normal bundle is also CP^. Finally both h' and 
L have Chern number —1 and so are identified with h~^, so that we can write the line 
bundle over C x CP^ whose total space (again minus the zero section) is the complement 
of the zero section of Nc as h^^ (g) /i^"*^, where the subscript is keeping track of the factors. 
It follows that the following three spaces are identical: 

1. The complement of the zero section in the total space of Nc, as a two-dimensional 
vector bundle over C. 

2. The complement of the zero section in the total space of the line bundle (8) /i^^ 
over C X C , where we write C for the fiber of the projective normal bundle. 

3. The complement of the zero section in the total space of a two-dimensional bundle 
over C", obtained by exchanging the roles of C and C. 
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For first and third forms, the Serre homofogy sequence collapses and the homology of the 
total space is the tensor product of the homology of CP^ with the homology of a three- 
sphere (actually a punctured C^). The inclusion of the zero-section, in either case, kills 
the three-dimensional generator and leaves the homology of the base CP^. 

The flop consists of removing the zero-section of the first form (C) and including 
instead the zero-section of the second form C . From the second form, we can see that 
the commn complement of the zero section is, up to homotopy type, a circle bundle over 
CP^ X CP^ and, in the Serre homology sequence, the circle generator cancels the sum of 
the two fundamental classes. It follows from this that, although the flop does not change 
the homology of the total space, the fundamental classes of C and C represent opposite 
homology classes. 

From this, it follows that if the same two-dimensional homology class that is repre- 
sented by the original rational curve is also represented by some disjoint curve (rational 
or not), then the manifold created by the flop is not Kahler. This is because, in a Kahler 
manifold, the integral of the Kahler class over the fundamental cycle of any holomorphic 
curve must be positive. 

The next question to be addressed is the extension of the holomorphic three-form 
over the flop. The existence and uniqueness of the extension is guaranteed by Hartog's 
theorem, which states that a holomorphic function can always be extended uniquely across 
a submanifold of complex co-dimension at least two. Replacing the function by its inverse, 
it also follows that the extension of a nowhere vanishing function also does not vanish on 
the flop. 

Hartog's theorem also guarantees that any holomorphic line bundle can be extended 
across the flop. This is because the transition functions take their values in the non-zero 
complex numbers. We can use this fact to address the question of whether a gauge bundle 
extends across the flop, but this turns out to be a more subtle question. 

We know that the restriction of the gauge bundle to C is, like every holomorphic bun- 
dle, a direct sum of line bundles. If we could extend this decomposition to a neigborhood 
of C, we could extend each summand across the flop by Hartog's theorem and we would 
be flnished. What we must study, therefore, is the obstruction to extending the direct sum 
decomposition to a neighborhood of C. 

Let us write E for the gauge bundle and E' = Y^Li for the decomposition as a sum of 
line bundles. Because we can identify a neighborhood of C with a neighborhood of the zero 
section of Nc, we can use the flberwise projection to extend E' to a neighborhood of C. 
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We have an isomorphism between E and E' along C. If we can extend this isomorphism, 
even as homomorphism, the extension will be an isomorphism sufficiently near C and we 
will be finished. 

Thus we must study the obstructions to extending a section of Hom(£', E') from C to 
a neighborhood of C. There is a sequence of obstructions which live in 

{C,iiom{S'N),Rom{E,E')) ^ H\C), i>l (6.7) 

where S'*(iV) denotes the ith exterior power of N. Along C, S'W* E* <^ E' is a sum of 
many line bundles, each of which has the form /i* (8>L* (8>L', where L and L' are summands 
of E and respectively. Along C, we may set L — and L' — h^, so that the summand 
in question becomes h'^~^^^ . We recall next that 

(C, = 0, V i - J + /c> -2, (6.8) 

so that in order for some obstruction not to vanish, there must be summands L and L' 
of E and E' , and a positive integer z, for which k — j < — (2 + z) < —3. We recall now 
that E and E' arc isomorphic along C, and we reach the conclusion that all obstructions 
must vanish provided the Chern numbers of distinct summands of E\C do not differ by 
more than 2. We emphasize that this is a sufficient condition, but not a necessary one; the 
obstructions might vanish even if the cohomology groups in which they must live do not. 

Flops on elliptically — fibred Calabi — Yau manifolds 

As mentioned previously, a great deal of technology has been developed to handle bundles 
on elliptic Calabi- Yau's, and so flops of elliptic Calabi- Yau's, in which the Kahler property 
is broken by extra fiber components, are of interest, as they represent non-Kahler manifolds 
on which some well-developed bundle technology could be quickly applied. In this sub- 
subsection, we shall comment further on this class of non-Kahler manifolds. 

To achieve an elliptically fibered non-Kahler manifold, our task here will be to identify 
floppable rational curves on elliptically fibred Calabi- Yau manifolds. We shall be interested 
in those rational curves that are contained in singular fibres. Let B be the base manifold. 
We will assume that K^, the anticanonical bundle of B is semi-ample, which means that 
it has sufficiently many holomorphic sections for our purposes. Next, we recall that the 
anticanonical bundle of CP^ is h^, where we carry over our notation for line bundles on 
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CP^ to CP^. We will consider elliptically fibred varieties that can be presented as the zero- 
locus in S X CP^ of a holomorphic section of the bundle ® h^. Such a section gives a 
holomorphic map / from B to the nine-dimensional projective space of homogeneous cubics 
on CP^. The space of singular cubics is an eight dimensional variety which intersects itself 
along the seven dimensional space of decomposable cubics. From these dimensions, it 
follows that the image f{B) in the space of cubics should intersect the space of singular 
cubics in a curve, which will cross itself at finitely many points, in which f{B) meets the 
space of reducible cubics. We will call b an exceptional point if Tv~^{b) is singular, and a 
decomposable point if it is a double point on the space of exceptional points. 

Let X be our Calabi-Yau manifold and -k : X ^ B the restriction to X of the 
projection of S x CP^ on the first factor. Then for b E B iT~^b is the zero-locus in CP^ 
of the cubic f{b). For f{b) non-singular this is an elliptic curve, reproducing the elliptic 
fibration. For decomposable, 7r~^{b) is the union of a line and a quadric in CP^, both 
of which are rational curves. 

We now need to investigate the normal bundle of such a curve. We begin by observing 
that if a; e 7r~^{b) is any non-singular point of any fiber, tt induces a linear isomorphism 
from the normal bundle to the fiber at x to Tsib), the tangent bundle of B at b. In 
particular, this trivializes the normal bundles to all non-singular fibers. 

At a singular point of fiber, the fiber crosses itself.It follows that the image of the 
normal bundle to either branch of the fiber in Tb (b) is one dimensional, and coincides with 
the tangent line to the curve of singular points at b. 

Now let us consider a decomposable fiber 7r~^(6) of the form C U C", where C and C 
are rational curves, meeting at two points. At those two points, the map from the normal 
bundle to either C or C to Tsib), the tangent space to 5 at 6 has a kernel, generated 
by the tangent space to the other component. It follows that, at these points, the image 
of the normal bundle to either component in Tb(6) is one dimensional. The images of 
the normal bundle to either component of the fiber at these two points are the tangent 
lines to the two branches of the space of exceptional points through b. These observations 
allow us to conclude that the normal bundle to either component of a decomposable fiber 
is ® h~^. The argument is as follows: 

We know that the normal bundle has the form with = —2. The projection 

of the normal bundle to Tb(6) induces a fiberwise map from /i* © W to a trivial two- 
dimensional bundle, which is surjective on all but two fibers. It follows that both i and j are 
non-positive. This leaves only i = j = —1 and z = 0, j = — 2 (or vice versa) as possibilities. 
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In the latter case, however, the image of the normal bundle in the trivial bundle would 
be the same at both singular points. Since this is not the case, each component has a 
(—1,-1) normal bundle and is floppable. 

This ends our discussion of elliptically fibered non-Kahler manifolds. Since all these 
manifolds come from flops of Calabi-Yau manifolds and are also elliptically fibered, they 
could in principle be solutions to low energy equations of motion. In this paper we will not 
check these details, but instead we will provide explicit examples of non-Kahler manifolds 
that would satisfy string equations of motion in the following section. 



7. Some Orbifold Examples 

In this section we will present more examples of non-Kahler compactifications with 
nonzero Euler characteristic. All of the examples presented in this section will be orbifolds, 
and will be justified by string duality chasing from consistent orientifold backgrounds in 
F-theory. 

7.1. The Duality Chains 

Let us first go to F-theory (or M-theory) where we will consider an orbifold of . We 
will consider the orbifold action denoted X4 x X4 x X4 where the three generators of X4 are 
(1, X (1, (72) X (1,(73), where the gi are defined by 

gi: {z\z^) - {-z\-z^) 

92: {z\z^) ^ {-z\-z^) (7.1) 
^73: {z\z') {-z\-z^) 

and where 2;^'^'"^'^ are the coordinates of . The above fourfold is one of the six distinct 



orbifold points of ^^^^^ ||91|| . The other five choices are given in terms of orientation 



reversal and possible half-shifts of coordinates ||9T|]. (The Z2 action above will be elaborated 
soon) . In terms of F-theory description the four manifold will be a Calabi-Yau fourfold and 
therefore in some appropriate limits should reduce down to a Calabi-Yau threefold in the 
type IIB theory [^. This consideration, though correct, is rather naive at this point. The 



issue is a little subtle due to the Z2 ambiguities of the orientifold actions on the twisted 
sector states. We will elaborate this as we go along. 

From the above choice of the fourfold we see that we could go to a point in the moduli 
space where the Z2 action acts along the F-theory torus direction as orientation reversal. 
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This Zi action also reverses another direction of the remaining orbifold of . The 
four-fold therefore looks like 

Ms = (7.2) 

where the F action is such that the orbifold T^/T is a blow-down limit of a (51, 3) Calabi- 
Yau threefold. In fact, the above fourfold is an example of a Borcea fourfold [^2|. The Z2 
action on each K3 is given in terms of three integers (ri,ai,5i) where i = 1,2 label the 
two K3. These Z2 actions reverse the (2, 0) forms of each K3 but preserve the (4, 0) form. 
The Euler characteristics of these manifolds are given by0 

X = 6(ri - 10) (r2 - 10) + 288, (7.3) 

so in particular their Euler characteristics can be nonzero. We will exploit some of the 
properties of these fourfolds to construct, via duality, examples of non-Kahler six-manifolds 
that have non-zero Euler characteristic. As discussed above, we go to a point in moduli 
space where the Borcea fourfolds are realized as Xf orbifolds of T^. This will help us to 
connect smoothly to the other examples studied in this paper and earlier in [^,[^. Let 



us elaborate on this connection briefly. The first duality chain used was of the form 

rp4 rp2 rp2 

F on — ^ IIB on 1^ IIB on (7.4) 

X4 {l,g) (1,0) ^ ^ 

where g was defined in (3.22), TZ denotes the reduction from F-theory to type IIB and 
T denotes the two T-dualities to go from type IIB to type I. In the presence of fluxes 
this argument can be used to give us a six-dimensional non-Kahler manifold. However, 
since has zero Euler characteristics, the resulting non-Kahler space also has zero Euler 
characteristic^ 



A very short summary of Nikuhn three-folds []62| and Borcea four-folds [ p2| can be given as 
follows: Define two quantities and /i as fifi = |(22 — n — Oi), fi = 1 + ki = l+^{ri — ai). In terms 
of these, Nikulin manifolds have Hodge numbers h^'^ = 5 + 3ri — 2ai, h'^'^ = 22 — 3ri — 2ai with 
Euler characteristics x = 12(ri — 10). On the other hand, Borcea four-folds have Hodge numbers 

2[102 -|- (ri — 10)(r2 — 10) -|- /1/2 + 9192]- The mirror symmetry in these manifolds is given by the 
operation: ^ 20 — r^. 

An alternative approach would be to consider type IIB on (i g) ^'^^ then follow the 

T-dualities to get type IIB on (i n)x(i T4) • This would give the same result, with anomaly can- 
cellation related to the 03 charge cancellation from the generator gX^. 
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The next chain of duahties was used in the section 3, in the context of conformal XS's. 
SpecificaUy, consider the duahty chain 

rpQ rp4 rp4: 

F on ^ IIB on ^ -— 1^ IIB on — — -, (7.5) 

X4XT4 (1,(7) X (1,0) X (l,(7/i)' ^ ' 

where the last sequence can be S-duahsed to describe heterotic strings on an orbifold 
hmit of K?>. In the presence of fluxes, as we saw in section 3, the K?> manifold picks 
up a conformal factor A^. However one has to be slightly careful while defining the Z2 
operation. It turns out that there is a two-fold ambiguity in the Z2 action. The F-theory 
orbifold that we are using here is a blow-down limit of the (3, 243) Calabi-Yau. The final 
picture in type IIB is a set of intersecting seven branes and orientifold seven planes, which 
in type I become Db branes and D% branes (with corresponding orientifold planes). As 



discussed in , , |Q , the action of O on the twisted sector states is ambiguous. There is 
another choice of action that flips the signs of twist flelds at all the flxed points, and yields 
multiple tensor multiplets in six dimensions. An alternative way to see this ambiguity 
in the action of O on twist flelds would be to observe how the M = 2 six dimensional 
multiplets decompose under N = 1. The sixteen tensor multiplets of A/" = 2 decompose as 
16 tensor multiplets plus 16 hypermultiplets oi M = 1. Therefore we can deflne O in two 
ways: either preserving the hypermultiplets (and projecting out the tensor multiplets) or 
preserving the tensor multiplets (and projecting out the hypermultiplets). The GP model 
discussed earlier, realizes the former. 

Motivated by the two examples above, the duality chain that we will use to get a 
six-dimensional manifold with non-zero Euler characteristic is: 

F on ^ IIB on 



J4XJ4XJ4 ~" (1,^) X (l,/l) X (1,/c) 

^6 (7-6) 

T J J on 

(1,0) X (l,£,/c) X (1,/i/c)' 

where the action of k is deflned parallel to the actions of g and h, i.e k would be like 
O ■ (— 1)^^ ■ o" where a reverses the other T^. Now there is a four-fold ambiguity [^, which 
is related to the Af = 4 vector multiplets decomposing as a A/" = 1 vector multiplet and 
three chiral multiplets. 

We can now relate the operation F in (7.2) to the third step of (7.6). Speciflcally, F is 
the same as (1, gk) x (1, hk). Performing an S-duality should map the compactiflcation to 
heterotic theory on (1 gk)x{i hk) ' which by construction has non-zero Euler characteristic. 
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This naive expectation is however comphcated by orientifold ambiguities. In particular, 
there are two distinct choices of orbifold in this case. One choice of orbifold in the 
type IIB theory is the blow-down limit of a fibration over a x x base, and 
the other choice is more complicated. This 2-fold choice is where the ambiguity discussed 
above manifests itself. The blown up version where we have a F-theory picture of the 
manifold is dual to the type I orbifold constructed in (as first proposed in [^). So 
even though the brane configurations look similar, the open string spectra of these models 



will be different. The full F-theory picture has to be worked out case by case, a-la [|6J]. In 
short, these fourfolds behave analogously to the (3, 243) and (51, 3) Calabi-Yau 3-folds. 

Despite all the differences, there are many similarities between the two models. For 
example, the orientifold planes in both the models are identical. Fixed points under the 
generators g, h and k give rise to intersecting 07 planes that are arranged according to 
their respective actions on the tori. Fixed points under the generator ghk give rise to 
03 planes. These 03 planes are space filling and are therefore oriented along the directions 
^o,i,2,3_ pixed points under gh, hk and gk give rise to orbifold fixed points. The twisted 
and untwisted closed string states are also identical. The spectrum is given by 

{gfiuTi^n) ® 55((^, A) © open string states (7.7) 

(where (p is a complex scalar in the chiral multiplet) out of which 7 chiral multiplets come 
from the untwisted sector and 48 chiral multiplets come from the fixed points of the 
orbifolds. The difference between the two models come from the open string states. These 
have been elaborated in and in so we refer the reader to them for more detail. It is 



however interesting to observe that the type I framework will now have three intersecting 
five branes, the third set coming from the D3 branes in type IIB, put in to cancel the 03 
charges. 

The F-theory fourfold compactification discussed in connection with the two models 
also defines an M-theory compactification, by doing a circle reduction along an orthogonal 
direction. We can now use the full techniques of M-theory analysis — along the lines of 
||13|| , |T^] — to analyse the system when we switch on G-fiuxes. There are various consistency 



conditions that depend on the reality condition on the fiuxes and also the precise orbifold 
group. Switching on fiuxes will also freeze many of the moduli, in particular all the complex 



structure moduli. Previously in [|T^, we saw that this problem can be tackled easily if we 
go to type IIB theory instead of working solely in M-theory. We will therefore do the 
analysis from the IIB point of view and try to derive a consistent picture in M-theory 
using the results of our IIB analysis. 
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1.2. Analysis of Type IIB Background 

The manifold that we consider in type IIB is (i gk)x{i hk)x(i k) ^^^^ ^ choice of Hjys 
and Hrji fluxes that fix the toroidal complex structure moduli to Tij = diag (z, z, This 
way we can combine the two real coordinates of the torus and define g, h and k generically 
as O • (—1)^^ ■ ai with cTj : — * —z^. Since the orientifolding action is ambiguous we will 
keep the Euler characteristics x ^-nd the background axion dilaton (f arbitrary. 

Before going into the subtleties of the orbifold and the orientifold projections, let us 
first tackle easier issues. The first thing to do is to see the possible choices of background 
fiuxes in this model. Remembering that this should keep r and f fixed at some values, 
the result could be interpreted in terms of type IIB superpotential. Using the notation of 
||15|| , the background three-forms can be written in the form: 

Hrr = aoao + tr (a^a) + tr {b^ (3) + boPo, 

(7.8) 

Hns = coCKo + tr (c^a) + tr {d^ P) + doPo, 



where the matrices a and P are defined in []T5| (see for example eq. 2.17 in the second 
reference) and the matrices a, 6, c and d are defined in [jl^ (see eq. 4.13). For a generic 
choice of r = diag {ti,T2,ts) and background axio-dilaton (p, the superpotential is given 
by: 

W = (ao — (fco) det r — det r tr[(a — (pc)~^T~^] — tr[(6 — ipd)'^T] — {bo — (fdo) 

= (ao - ^co)tiT2Ts - (ai - v?ci)r2r3 - (a2 - ^02)^3 - (as - v?C3)rir2 (7.9) 
- (61 - ipdi)Ti - (62 - ^d2)T2 - (63 - V'ds)Ts - (60 - ^do). 

At this point let us survey the situation. We require all the complex structure moduli to 
be fixed to i and therefore the torus factorizes as T'^ x T'^ x T'^, with equal complex 
structures for each of the tori. On the other hand we will keep the axion-dilaton to be (f> 
which may or may not be fixed at i. This situation will remind readers of the GP model. 
For the conformal K3 example the background axio-dilaton was not fixed to ip = i. For 
the present case, this would imply that the local charges of the seven branes and planes 
do not cancel. But the manifold admits complex coordinates: = -(-zx^, = + ix'^ 



Alternatively, we can also consider the orientifold Me = where J\fe is the blow-up of the 
orbifold —. This is somewhat similar to the case studied in the earlier sections where we had a 
four-dimensional manifold which is an orientifold of K3 with the orientifold action given by (^fj • 
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and = +ix^ with their complex conjugates z'^ {k = 1, 2, 3), where we have each of the 
tori as x^'^, x^'^ and x^'^. In terms of the notations of |T^], the three complex coordinates 
would be z^ = x^ + iy^ , = + iy^ and z^ = x'^ + iy^. We will interchangably use either 
of the coordinate systems (this should hopefully be clear from the context) . 

The equations of motion that result from the superpotential (7.9) have already been 
discussed in |]T^ (see eq. 3.22 in the second reference). These equations are written in 
terms of a generic r and a generic f. Let us consider, for simplicity, a case in which we fix 
both ifi and r in the form discussed earlier, i.e., f = i, along with r = diag (i, i, i). Earlier 
we stated that one can choose three- forms that fix ip and r to these values; precisely which 
three-forms do this? It is not too difficult to work out the three-forms using the expressions 
(7.8). The result can be written in terms of above as 0: 



{di - as + i(b2 + cs)) dz^ A dz"^ A dz^ + (^2 - + ^(^0 - ci)) dz^ A dz"^ A dz^ 
+ (ai - Co + i{bi - do)) dz^ A dz"^ A dz^ + {ds - a2 + i{h^ - C2)) dz^ A dz'^ A dz'^ 



-do - 62 + i{a2 - Co)) dz^ A dz"^ A dz^ - (cs + h + 2(03 + di)) dz^ A dz"^ A dz 

+ [bs - ci + i{ai - ds)) dz^ A dz"^ A dz^ + (-ao - C2 + i{bo - ^2)) dz'^ A dz"^ A dz^ 

(7.10) 

Note that the (constant) three-forms above are written in terms of harmonic (2, 1) and 
(1, 2) forms. The reader might well ask, why are these not projected out? The answer is 
simple: the combination of orbifold and the orientifold operations preserve these forms. 
Recall that the group action on is {l,gk) x {l,hk) x (1,/c). Both the gk and the hk 
elements are orbifold operations, whereas the generator k involves orientifolding. Therefore 
all components that have a leg along the direction of the generator k will survive the full 
action. This is similar to the case encountered in [|TB[,[|T^. In particular, this means that 



the corresponding B^s and fields should also have a leg along the z^ direction. (In 
the blown- up picture of the T^/F orbifold, this is also obviously true.) The three- forms 
written above can be expressed more concisely in the form 

4 

Hk = ^ttfcz ^ki, (7-11) 
1=1 



This arrangement is partially motivated by similar results in [17|. The fact that this is 
consistent will become obvious soon. 
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where aki are constants and Hi = HnSjH2 = Hjiji. The summation is over the four 
harmonic forms that could be written as 

= dz^ A dz^ A dz^, Qk2 = ^li = dz^ A dz^ A dz^ 

(7.12) 

J]^3 = dz^ A A ClkA = = dz^ A A 

At this point one could try to find the connection between the a^i and the constants 
a, b, c, d appearing in (7.10). The constants a, b, c, d are real whereas af-i could be complex. 
Defining two vectors Vi and V2 as 

Vi^{aki ak2 o^ks afc4), V2 ^ {ds ics ici di) , (7-13) 

we can relate them via a 4 x 4 matrix V as — V . The existence of such a matrix 
V signifies many things. First, the constants appearing in (7.10) are not all independent; 
they are related to each other through the matrix V. Second, we can write all the three- 
forms using fewer variables that would solve the equations of motion deduced from the 
superpotential (7.9). A straightforward, but tedious analysis, reveals that the matrix V is 
in fact unique and is given by: 



/I 1 1 1^ 

1-1-1 1 

1-1 1-1 

Vi 1 -1 -iJ 



(7.14) 



One can easily check that V is invertible and AV^ = I. Knowing V tells us that a back- 
ground with vanishing axio-dilaton and t = i can be realised. However, that constraint 
does not fully specify the background, because our analysis no way fixes the values of aki 
or equivalently a, b, c, d. A more detailed analysis is required, which we shall describe next. 

Since the background involves toroidal orbifolds, a more detailed analysis is indeed 
possible for this case. Instead of doing the most general possible analysis (which can nev- 
ertheless be done) , for purposes of simplifying the exposition wc will make the assumption 
that T = i. This is required because we want to interpret all the complex structures (in 
type IIB) as i. We will, however, keep the axion-dilaton arbitrary. With this assumption, 
the background equations of motion can be written down explicitly. They are given by a 
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set of thirteen relations between sixteen variables: 

(1) ao + bi-^{co + di)+e-'^{c2 + C3) =0, 

(2) a2 + a3-4>{c2 + cs) -e-^ico + di) =0, 

(3) ao + b2-4>{co + d2) +e-'^{ci + C3) =0, 

(4) ai + as- 4){ci + C3) - e'^ico + ^2) = 0, 

(5) ao + b3-4>{co + d3) + e-'^{ci + C2) = 0, 

(6) ai + a2-4>{ci+C2) -e-^{co + d3) = 0, 

(7) ci +C2 + C3 = rfo, (8) di+d2+d3 = -Co, 
(9) 61 + 62 + ^3 = -ao, (10) ai + 02+03 = 60, 
(11) di - as ± d2 T bo = 16m, (12) 62 + C3 ± ao T ci 
(13) {do + b2f + (co + a2)' + (61 + csf + (03 + d^f = 



(7.15) 



16n, 



X 
3 



where m, n and p are integers and x is the Euler charcteristics of the four-fold in F-theory 
(or M-theory) which is an orbifold of torus with the orbifold group X4 x X4 x X4 (see 
(7.6)). The solutions of the above set of equations will determine a possible consistent 
background in type IIB theory. In the most general case this is rather involved, so we 
impose the following simplifying condition: = ^ = 0. This is basically the condition 
if = i. There is now a very simple solution to the system: 



/ ao ai a2 03 \ 

bo bi 62 bs 

Co Ci C2 C3 

\do di d2 ds/ 



f 

-8 

-8 

V 








(7.16) 
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where we have inherently chosen a Borcea four-fold whose Euler characteristiclll is x = 672 
for illustrative purpose. One can verify that the above result matches the conditions 
specified in fl^ . We have also learned something more here. The choices of a, 6, c, d given 
above in (7.16) freeze all the complex structure moduli to i, while also freezing the axion 
to zero and the coupling constant to one. Therefore this background is a strong coupling 
point in type IIB theory. The radius of the six-manifold is however not fixed, as expected. 

Further analyzing the set of equations in (7.15), along with the matrix V, we observe 
that most of the constants a, 6, c and d are in fact related. This is similar to the case 



18 



{n,a,,5i) = (18,4,0). 
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observed in [TJj, and looks like a generic property. The integers m, n and p are also not 
arbitrary. And so are the coefficients aki in (7.11). They are given by: 



m = 1, 0, n = 0, p = 12, = 2. (7.17) 



Comparing with |T^, we see that this is what we expected. The background is anomaly 
free with 12 D3 branes as well as Hns and fluxes. The value of p measures the 

number of freely propagating D3 branes in our framework. In terms of M-theory, this 
will correspond to freely propagating M2 branes. The M-theory background can now be 
written in terms of the constants evaluated above, as: 



G ' 



47r 



^ (Oiz A dx + 02Z A dj) 



(7-18) 

ds'^A-' dsl,, + A'/' dsl,^ 

where the M-theory torus is denoted hj dz = dx + dj = dx + i dy and TWg is the 
corresponding toroidal orbifold in (7.6). Observe that we can explicitly write down the 
metric of Ms because of its orbifold form. Therefore (7.18) gives the complete background 
in M-theory for the case that we are studying here. 

7. 3. Analysis of the Heterotic Background 

Knowing the M-theory background (7.18), we can immediately infer the metric for 
the type IIB case. The behavior is essentially given as in [|l6l,[|l3, so we will not repeat 



the details here. The three-form backgrounds have already been given in the previous 
section. Therefore it is now time to duality chase the type IIB background and infer the 
corresponding heterotic scenario. As usual we will set the axio-dilaton to the non-zero 
value = + i e~'^ . The other flelds with non-zero vevs are the two forms B and B' that 
are derivedlil from the three- forms Hj^s and -ff/ji? respectively, by keeping track of the fact 
that they should have a leg along the duality directions (which we denote as x^'^)0. 



These S-fields are not globally defined on the six-manifold. 

The analysis in the previous section was for x = 672. However we will continue to have 
arbitrary x to avoid the subtleties of orientifold ambiguities. Notice however that for both choices 
of orientifolding there are corresponding heterotic duals: the dual of x = 672 model is given in 



and the dual of the other foufold is given in |96]. 
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The first important point to note here is that the torsion in the heterotic theory is now 
no longer determined just by H^^. Because of the non-trivial axion-dilaton, the torsion 
gets contributions from all the background fields that include the axion, meaning not just 
j^RR g^^gQ j^NS j£ divide the six-dimensional space as a;^'^©a;"^'"^, then the non-zero 
B field in the heterotic theory is given by: 

B%m Bsg \ I ~B'g^ + (f) Bgm -0 

B=\ ] = [ I . (7.19) 

There is also a non-zero component Bmn- This component was not present in the case 
studied in IITTII. However now we have to take this into account also, because of the 



background axion and possible cross term in the type IIB metric gs9 which we denote as 
r. In fact the generic form of the component is quadratic in the type IIB S-fields, and is 
given by 

Bmn = ai Bg[jnBn]8 + «2 -B8[m-B^]8 + -B[9m-B^8]' (7.20) 

where for the choice of constant three-form fields in type IIB theory the last term in (7.20) 



would vanish. This has been explicitly checked in [T^] . For our case, we will keep this and 



the other terms for completeness. The explicit values of are given by 

CKi = —2(j), Q!2 = r, as = 6. (7-21) 

Therefore the combination of B in (7.19) and Bmn above, along with the gauge fields plus 
the curvature terms would determine the total torsion Ti for our case here. 

Next, we shall determine the background metric. In the absence of fluxes the heterotic 
dual is compactifled on a 'manifold' of nonzero Euler characteristic that can be described 
as an orbifold of by the group (1, gk) x (1, hk). In the presence of fluxes, the non-Kahler 
nature is clear: dJ is non zero precisely because of the warp factor. Using the matrices 
g and 6, deflned in (5.9), the heterotic metric along the duality directions x^'^ has the 

ds^ = dsl, + det {ba^ +gas)-dx ^ ^^^^^ 

^ (7.22) 

det (6o"2 + QO'i) ■ dx r , Q , , t 

+ — \dx^ + tr (bas) ■ dx] , 

det g 



21 



A derivation of this is given in [17|. Interested readers may want to look there for details. 
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where cr^ are the Chan-Paton matrices given in (5.11). An important thing to observe here 
is the absence of any warp factor. The directions (ix^'^'^'^ are denoted by dx. Also, in the 
absence of fluxes, the additional terms in (7.22) will vanish and we will be left with the 
dual heterotic metric (is|g. 

There are couple of points that we should mention regarding the heterotic metric de- 
rived above. This non-Kahler heterotic compactification was determined by string duality 
chasing involved the simplest of the four actions of O. Physically this non-Kahler man- 
ifold will look like a Z2 action of a torus fibration over a compact base. This fibration 
is non-trivial and is given above in (7.22). If we choose another action of Q. that gives a 
fibration over x P^ base in the type IIB side (in the absense of fluxes), then the 
heterotic manifold will be a non-trivial six manifold that is a Z2 action of a torus flbration 
over a X base. This fibration is non-trivial and will look similar to the fibration 
that we have given above (7.22), though the details may differ. More on this will be dis- 
cussed elsewhere. Thus, with the dilaton proportional to the warp factor, the metric (7.22) 
along with the i3-fields (7.19) and (7.20), will therefore determine a new four-dimensional 
background for heterotic theory. 



8. Discussion and Future Directions 

In this paper we gave new examples of heterotic compactifications with fluxes that 
have non-zero Euler characteristics. For the six dimensional case, we showed how the 
conformal K?> example is a consistent compactiflcation by (a) duality chasing to a F- 
theory model, and (b) by mapping to a NSb brane conflguration. These mappings appear 
to be generically useful in this kind of set-ups, as they allow us to check, if a particular 
non-Kahler complex manifold is a consistent solution to string theory. This could not 
have been done in the early literature, as string dualities were not developed at that time. 
Such dualities have been helpful to construct many heterotic examples and show their 
consistency. 

Whenever a flux compactiflcation can be replaced by an appropriate brane conflgu- 
ration, the supergravity backgrounds can be made to coincide, by relating the harmonic 
functions of the brane set-up to the warp factors in the flux conflguration. We gave an al- 
ternative way to study the models discussed earlier in |]T^, [^, |]T^, Some of the new 



four dimensional models studied here can be realized as flops of Calabi-Yau manifolds. We 
have presented a detailed mathematical discussion of this. The manifolds considered herein 
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are phenomenologically useful because they are heterotic models with fluxes in which many 
moduli can be stabilized. We studied the DUY equation for the vector bundles, solved it 
for the case of a local U{1) bundle and computed the number of generations. Let us now 
discuss some open questions and future directions. 

8.1. New Issues on Non-Kahler Manifolds and Open Questions 

We have addressed many aspects regarding compactiflcations of the heterotic string 
on non-Kahler complex manifolds with torsion. Nevertheless, we clearly feel that these 
issues need a much more detailed analysis, than the one that is provided in here. There 
are also many new issues that remain to be elaborated upon. We have shown, how a 
brane box like configuration, when properly U-dualized, can result in a configuration that 
simulates some of the interesting properties of the non-Kahler manifolds constructed in 
||16|| and [1^]. As we mentioned in section 5, the brane configuration can actually give us a 



torsional background that is no longer a constant. This configuration divides the scenario 
into two regions. The first region is inside the box. Here we have a six manifold with 
following topological numbers: 

h = 1, 2, 23, 44, 23, 2, 1; x = 0. (8.1) 

The second region is far outside the box. Now we have a six manifold with topological 
numbers: 

h = 1, 0, 20, 42, 20, 0, 1; x = 0. (8.2) 

These two regions are connected by an interpolating metric whose detailsil we have pro- 
vided in sec. 5.1. At the two regions supersymmetries are of course preserved, but we 
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A slightly more precise analysis can be performed by noticing that the delocalised harmonic 
functions of the two DA branes in the grid can be given in terms of fi in (5.5) as Fi = fi^f2^ 
and F2 = fi^f^^ respectively with the condition that /2/3 ~ 1- After a series of t/-duahties, we 
have the following metric: 

ds = ds 0123 + 

F2 \ds8 + a) + \ds9 + f3Y + hFiF2 ds\^-! + h \dse + 7)^ 
where a, j3 determine the non-trivial fibration over a Taub-NUT base given by the metric 

C^STaub-NUT = h df^^j + h^^ {dse + 7)^, 

with ds defined as the scaled metric with a scaling factor, in the delocahsed hmit, given by F\F2, 
and 7 determines the usual fibration of S over a base for the Taub-NUT space. Observe 
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haven't checked the susy of the interpolating configuration though we beheve that susy 
wiU be there once the complete background (with all the fluxes) is considered. 

Though this configuration reproduces the geometry of non-Kahler manifolds, it is a 
subtle issue to study the gauge bundles. As we saw in sec. 5.1, it requires a more detailed 
analysis of the F-theory monodromies to fully obtain the complete picture. Furthermore, 
it is a very interesting question to ask, how the superpotential (2.15) term appears in 
this context. Presumably one has to check, how the five-brane charges jump, as we cross 



the brane-box configuration. The calibration picture developed in suggests, that this 
should be the case but does require a more careful analysis. 

Let us mention next that, the new six-dimensional example studied in section 3 is 
incomplete in one crucial sense: we haven't derived this background from first principles. 
Recall, that the four dimensional examples studied so far (with zero Euler characteristics) 
were derived from a fully consistent dual warped M-theory background |T^, so that it 
was easy to prove their consistency. On the other hand, for the conformal K3 example 
we have reversed the duality chasing in order to map this heterotic model to a solution 
of type IIB theory (and also to M-theory). As mentioned earlier in section 3, there are 
some inherent open questions in this picture. First, the duality chasing cannot use the 
usual rules of Buscher, as some of the fields depend on the directions along which we are 
doing dualities. We have taken a safer path by choosing backgrounds, that are completely 
independent of the duality directions. But clearly a first principle proof of the existence of 
a consistent type IIB background that preserves supersymmetry is required at this point 
and it would be important, to do this in a near future. Another open question appears, 
if we take into account that, we haven't exposed fully the two-fold ambiguities, that are 
inherent in this framework. Of course, demanding, that the model that we are studying is 



that, the metric in the above form is precisely the non-Kahler metric that we have (in the non- 
compact case), as the one-forms a, (3 are determined by the Hns fields in the dual picture. At 
large distances, Fi — > 1 and therefore reproduces the fibration correctly. One might wonder about 
the warp factor in front of the Taub-NUT metric. At large distances, in our frame work, the warp 
factor will be of order 1 and therefore we will not see the warping. In the fully localised picture 
we should be able to see the exact metric from this analysis. Notice also that the existence of 
non-constant three- form fluxes have not changed the form of the metric that we had in [p^ , []T7| . 
This is again consistent with the fact that the metric comes from duality chasing a consistent 
F-theory background. 
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dual to a Gimon-Polchinski type model may seem to resolve the ambiguity, but this will 
fix only one particular orientifold operation. 

We have also seen, that the corresponding Gimon-Polchinski model is no longer at 
constant coupling. Rather, there is a non-trivial axion-dilaton background, along with 
possible non-zero Hrr- The combination of the Hrh and the axion T-dualizes to the 
torsion on the heterotic side. Furthermore, it is known that the constant coupling scenario 



in this framework is rather subtle ||6J] because of the existence of half integer -Bats fiuxes 
at the singularities ||9^ . These fiuxes are responsible to give us SU (4) gauge symmetries, 
instead of S'0(8) gauge symmetries from the O-planes. Also, because of the Bj^s fields, 
there are no tensionless strings in this scenario [^^. Clearly all these issues need to be 
worked out carefully. Our analysis has therefore simply scratched the surface. 

Before we go on, we should mention yet another thing that we discussed in section 
3. In (3.18) we briefiy mentioned, that there could be a possible supergravity background 
describing our compactifications to six dimensions because we can compactify on a four 
dimensional manifold that has a large volume and a weak six dimensional string coupling 
constant both on the heterotic, as well as on the type I side. We also observed an interesting 
point. The size of one of the is of order a', even though the total volume is large. This 
situation parallels the one that we encountered in namely, the size of the fiber is of 
order a' . But, because we were able to map this compactification to the NSb brane set-up, 
we showed that a supergravity solution for the system can be expected. Therefore, this 
issue already appearing in |2^] can now be addressed with a more detailed investigation. 
This will be discussed elsewhere. 

We have constructed new four dimensional compactifications of the heterotic theory 
on non-Kahler manifolds, that have non-zero Euler characteristics. As we mentioned in 
section 7, the orientifolding operation is again ambiguous in this set-up. We have chosen 
the simplest action. For another choice of orientifold operation, this manifold takes the 
form of a non-trivial fibration over a x base. For this kind of construction, the 
type IIB dual will be a product of three tori x x T^, with the singularities distributed 
as in this figure 
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Here all the complex structures of the different tori take the same value r^. This configura- 
tion is similar to the (3, 243) three-fold, that we studied in section 3 and therefore should 
have a nice F-theory description. Our analysis of section 3 is more useful for this example, 
than for the manifold with Euler character x = 672, that we briefly discussed in section 
7. The F-theory description is given in terms of f{u,v,w) and g{u,v,w), where u,v and 
w represent the three tori (see figure above). Some special choice of f,g (given in [§4[), 
will give us a description in terms of orientifold planes and D- branes. From there the full 
non-perturbative description can be studied. Since this is related to non-Kahler manifolds 
in the presence of fluxes, the knowledge of the behavior of O-planes will be very crucial to 
study the enhanced gauge symmetries in this set-up. 

8.2. De Sitter spacetimes 

The non-Kahler manifolds, that we studied till now all preserve A/" = 1 supersymmetry. 
Therefore, the four dimensional external space-time is Minkowski. To attain de Sitter 
spaces we have to break supersymmetryil. This can be achieved, for example, by turning 
on non-primitive fluxes, as described in [^5[. First indications, that a cosmological constant 
could be generated in the type IIB context appeared in as the no scale structure of 



the type IIB theory gets broken by quantum corrections to the Kahler potential, so that 
after supersymmetry breaking a cosmological constant is generated. This question has 
been addressed and solved recently in an interesting set of papers [j5^, where a positive 
cosmological constant in the IIB theory was found by incorporating non-perturbative effects 
coming from gluino condensation. This is rather exciting, as it has been known for some 
time, that our universe has a positive cosmological constant. It is rather important to 
see if such a scenario can be realized in the phenomenologically more interesting heterotic 
theories considered herein. One way to do this could be the following. 

The required supersymmetry breaking can be achieved by switching on fluxes at the 
beginning of the duality chain, i.e in M-theory, which can generate time dependence in the 



system |56]. In other words, the warp factor will become time-dependent. A simple ansatz 



for the metric (on the type IIB side), for example, will now be 

ds^ = A^\r, t) i-dxl + ... + dxj) + A2(r, t) {dsl^ + \dz3f) , (8.3) 



Some aspects of the discussion in this section were developed a couple of years ago by one of 
us (K.D), in collaboration with C. Herdeiro and S. Hirano. 
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where A12 are the time dependent warp factors, 2:3,^3 are the coordinates of the fiber 
torus and r is the internal coordinate. One way to get a four dimensional compactification 
with positive cosmological constant A in the heterotic theory, would be to require, that the 
warp factors satisfy 

Ai(r,t) = ^, A2(r,t)=A(r), (8.4) 

where A(r) is the warp factor for the supersymmetric case in (4.5). The metric in the 
heterotic theory therefore will take the usual form 

ds^ = -^i-dxl + ... + dxl) + A^dsj^s + \dz3 + /(^i, ^2, ^1, ^2)^ (8.5) 

where / is defined earlier in (5.3). This is a very simple ansatz in which we have put the 
time dependence only in the x^'^'^'"^ directions. The metric in the internal directions is still 
time independent. What about the other fields? As we discussed in earlier sections, in the 
presence of primitive fiuxes the axion and dilaton in type IIB theory vanish, so that the 
complex structure is described hy r = cj) + ie~^ = i. We will assume, that this continues 
to hold even in the presence of non-primitive fiuxes. This is a strong assumption, because 
incorporating time dependence implies, that the D3 branes, in the scenario of |56], are 
moving towards the D7 branes. Since the axion-dilaton value is determined by the D7- 
07 system, the r ~ z value would imply that the constant coupling scenario is somewhat 
unaffected by the moving D3 branes. This is not so unrealistic. If we have a single D3 brane 
in this set-up, then this is possible, because the D7 branes would be heavier than the D3 
brane. Of course, in the exact situation we need to consider time dependence of the whole 
system. Introducing time dependence in the whole system is somewhat involved, because 
as soon as the D7 branes start moving, non-perturbative effects convert the orientifold 
seven planes into (p, q) seven branes. The net effect will be to have the full F-theory 
picture with additional time dependences. The system shifts from the simple orientifold 
models, that we have been studying in the earlier sections to a more complicated one. 



that has non-trivial r. Some aspects of this have appeared in [|5^. If we assume that 
r ~ z, it would immediately imply that the corresponding four-fold in F-theory will have 
an asymmetric time dependent warping of the form 

^-4/3 ^2/3 

= (^^2)4/3 ^^012 + ^^^2)1/3 d^KSxT^ + {AM^f^ \dz^ + i{z^, Z^, ^3) l" , (8.6) 
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where f{zi, Z2, zs) is a function of the three complex coordinates ^1,2,3 of the base K3 x T^, 
that degenerates at 24 points on the subspace spanned by z^. In the presence of primitive 
fluxes, this manifold is therefore simply K3 x K3 [|T3[, |]T^. The G-flux develops time 
dependence only along the directions as 



Go 



daA- 
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2^2 



(8.7) 



where a is a coordinate of the internal manifold. Comparing the above results with the 
two solutions (4.1) and (4.2), that we had in section 4 we see that, in terms of M2 branes, 
we have a system of point charges on the fourfold that are in motion whose geodesic is 
given by 



np 



1 

3!' 



daX"" d^xp rr. - -e^"'' d^X" d^X"" dpX'' G 
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0, 



where X'^ are the coordinates of the M2 branes. This is basically one possibility to 
realize a de- Sitter solution in the torsional compactification of the heterotic theory for the 



inflationary type model of [^. What we haven't really verified, is whether all the set of 
solutions are consistent with respect to each other. This requires the complete solution of 
the system and is beyond the scope of this paper. It will also be interesting to relate this 



discussion to the recent developments on de-Sitter spacetime done in , [£6[ , JS^] • In these 
papers the inflation present in our universe is described in the context of string theory. 
In the heterotic theory that we considered herein, this could be developed along the lines 
of [^, where there appears a model that is specifically suited for the type of heterotic 
compactifications that are studied here. 

Finally let us comment about a phenomenologically promising approach to derive 
de Sitter vacua from string/M-theory by going to the strongly coupled heterotic string 
||99|| , ||100|] . Here the dominant non-perturbative open membrane instanton effects |p.01 



lead to a stabilization of all model-independent moduli, the orbifold length (dilaton), the 
average Calabi-Yau volume and, if present the position of an M5 brane along the orbifold 
||102|| . Indeed, one finds that the open membrane instantons break supersymmetry spon- 
taneously in the effective four dimensional theory and one remains with de Sitter vacua 
|102|| . Moreover, the computed value for Newton's constant is generically close to its mea- 



sured value ||2^. In order to fully study the moduli potential at orbifold lengths beyond 
that corresponding to the de Sitter minima, one would have to use the proper non-linear 



extensions of the backgrounds of |103], that were derived in [104|, |28] and include all field 
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theory corrections required by eleven dimensional supersymmetry [105 . We hope to return 
to these interesting questions in a near future. 
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Appendix A. Massless Spectra in Non-Kahler Compactifications 

In this appendix we shall describe how one can formally compute massless spectra of 
large-radius non-Kahler compactifications on the world-sheet. The reader should note that 
such calculations assume that one can consistently work at large-radius, and in particular 
necessarily assume that a' = 0, which as shown in can not actually happen. Thus, the 
resulting massless spectrum calculation should itself probably not be taken too seriously, 
although the result for the number of generations is surely more reliable. 

One other factor that should be taken into account in massless spectrum computations 
is the existence of a warp factor on uncompactified directions. However, these warp factors 
are of the form 1 + 0{a'), and as the massless spectrum calculation we shall outline here 
only makes sense when a' = 0, we shall ignore such warp factors. 

We begin by reviewing the construction of sigma models with torsion and (0,2) su- 
persymmetry, then discussion the calculation of massless spectra, following |^ and . 
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A.l. Heterotic Sigma Model with (0, 1) Supersymmetry and Torsion 
A heterotic lagrangian with (0, 1) world-sheet supersymmetry is 



1 (A.l) 
where the various quantities appearing above are defined as 

and fx, V are target space coordinate indices, A, B are vector bundle indices, G^i, is the 
target space metric, and qab is the hermitian fiber metric that determines the gauge 
connection A^^. The (0, 1) supersymmetry transformations are given by 

(A.3) 

= -e_ax^ 



This lagrangian is taken from ||106 | 



Note that classically in the sigma model we only see dTi = 0. The anomaly-matching 
condition dH oc C2(T) — C2{V) emerges in the sigma model at one-loop ||106|| , which is why 



the right-hand-side contains a factor of a' . Also, for (0, 1) supersymmetry, we do not have 
a constraint relating Ti. to the metric - that will emerge as part of demanding that the 
action possess (0, 2) supersymmetry 

A. 2. Heterotic Sigma Model with (0,2) Supersymmetry and Torsion 
A heterotic lagrangian with (0, 2) supersymmetry is 
S = GaudX^dX''+ 2Bi^dX'dX^ - 2Bi^dX^X' + 2iGi-.i?,D-i;\i 

(A.4) 

+ igAB\^D,\^_ + (F,^)^5^;V';A^A^ 
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where various quantities appearing above are defined now as: 

+ (?x^) {^i - + (9x^) (rk - v!) 



= 
% = 



and z,z are holomorphic and antiholomorphic indices (previously /U, were mere C°° in- 
dices). The (0,2) super symmetry transformations are 



dX^ = iei^X 
5X' = 

= -WX' 
Si/^l = -edX' 

From demanding (0,2) supersymmetry we find we must demand 



(A.6) 



Ti-^uX = — {Sfiiy,x + I3,yx,n + Bx^^iy) (A. 7) 



just as for (0, 1) supersymmetry, and in addition. 



which the reader will recognize from Again, the full anomaly-cancellation condition 
only emerges at one-loop. Define also 

, . - (A.9) 

if(i'2) = H-.Tdr Adz^ Adz'' 

ijk 

Equivalently, if J = i Gijdz^ A dz'^, then 

(A.IO) 

=dJ 

Then, as an additional condition for (0,2) supersymmetry, we find that dH^'^'^^ = 0, i.e. 
the strong Kahler torsion condition ddJ = 0. 



93 



In any event, note that so long as dH^"^'^^ = 0, then we have a nilpotent operator 
a + if (2,1)^ that can be used to define a Z-graded Dolbeault-type cohomology theory, in 
close analogy with the d + H cohomology that appeared in |^ . Dolbeault-type bundle- 
valued cohomology, twisted by H^"^'^^ in this form, we shall refer to as iJ-twisted sheaf 
cohomology, and will denote if-twisted sheaf cohomology valued in S by H^{X, £). 

Noether currents are straightforward to determine. The variation of the lagrangian 
under the supersymmetry transformations above is given by 

+ 2i (de) G,-, [dX^) - 4 [de) ^M^+H--, ^^'^^^ 

(Strictly speaking, we have omitted a three-fermi term involving the heterotic gauge field, 
but it is not important for what follows.) 

In any event, we now have all we need to repeat the spectrum analysis of [section 
3]. The analysis seems to work the same, except that every occurrence of d is replaced by 

The (large-radius) massless spectrum computation now follows exactly the same form 
43| [section 3], with the replacement above. We shall simply refer the reader to | [4 3|| rather 



as 



than repeat the details of the analysis here. 
A. 3. Interpretation 

How do we interpret the states counted by this iif-twisted sheaf cohomology? 

The first point that should be made is that the usual counting of complex & Kahler 
moduli is no longer relevant. Low-energy fields come from infinitesimal deformations of 
supergravity fields, and the complex and Kahler moduli of Calabi-Yau compactifications 
arise as metric moduli. 

On a Calabi-Yau, since we usually cannot write the metric explicitly, we instead use 
Yau's theorem, which says that a choice of complex and Kahler modulus is equivalent to 
a specific choice of Ricci-fiat metric, and so metric moduli are encoded in complex and 
Kahler moduli. 

In the present non-Kahler circumstances, however, Yau's theorem does not apply. 
Thus, for non-Kahler manifolds, complex and Kahler moduli no longer need count metric 
moduli, and so no longer need have anything to do with massless states at all. 

An issue that might puzzle the reader somewhat more is how bundle moduli appear in 
our spectrum calculations. For a given holomorphic vector bundle ^, it is well-known that 
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moduli of the bundle are calculated by the group H^{X, End £), literally adjoint- valued 
one-forms corresponding to deformations of the gauge field, preserving the holomorphic 
structure, modulo deformations equivalent to gauge transformations. 

Since the Kahler condition is irrelevant mathematically for the interpretation of 
H^{X, End S), the reader may well wonder how it can be consistent to have twisted 
Hjj{X, End £) in the low-energy spectrum, but not H^{X, End £) itself. 

To help understand this apparent problem, let us study the if-twisted class 
Hjj[X, End 8) more closely. A representative of such a cohomology class has the form 

+ A dz^ Adz'' + ■■■ (A.12) 

where the A^'^^ are adjoint- valued forms. BRST-closure of these representatives gives a set 
of conditions on the A^'^^: _ 

aA(i) = 

= (A.13) 

The first equation has an obvious interpretation: A^^^ is an infinitesimal deformation of the 
gauge field, that preserves the holomorphic structure. Phrased another way, by selecting 
out A^^^ we have a map 

H}j{X,EndS) — > H\X,EndS) (A.14) 

which makes it clear that Hjj{X, End S) does encode bundle deformations. 

However, it should also be clear that Hjj{X, End £) encodes more than just bundle 
deformations. Intuitively, the meaning of that extra data in Hjj{X, End S) should be clear 
- in backgrounds with H flux, bundle deformations cannot be considered in isolation, but 
rather consistency with the supergravity equations of motion implies that bundle defor- 
mations induce deformations of other fields. In Calabi-Yau heterotic compactifications, 
infinitesimal bundle moduli decouple from other moduli, but in compactifications with 
nonzero H flux, such a decoupling no longer happens. In principle, the extra informa- 
tion in Hjj{X, End S) should be encoding deformations of other flelds. We are currently 
working to make this description of the other data more explicit. 

In any event, as this massless spectrum calculation necessarily assumes that a' = 0, 
e.g. that the metric satisfles the strong Kahler torsion condition, which was shown in 
to not be compatible with spacetime supersymmetry, perhaps one should not read too 
much into the results of the calculation. 
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A. 4- Bismut's Index Theorem 

How do we compute the number of generations in such models? As discussed elsewhere 



in this paper, the usual trick is to first count massless states with sheaf cohomology ||43|| 



then apply the Hirzebruch-Riemann-Roch theorem and for Calabi-Yau three-folds, 
the result is proportional to the third Chern class. 

Here, however, we no longer have honest sheaf cohomology, we have if-twisted sheaf 
cohomology. Luckily for us, the relevant analogue of Hirzebruch-Riemann-Roch is known. 



and was worked out in \107 



Bismut expresses his analogue in terms of differential forms realizing the various coho- 
mology classes. The Todd class appearing in [0is replaced by an A-roof genus, multiplied 



by a function of ci of the tangent bundle (for spaces with trivial canonical bundle, the Todd 
class and A-roof genus are the same). In particular, he uses an A-roof genus involving the 
twisted Riemann curvature. 

In more detail, the usual A-roof genus can be expressed in the form 

R/2 D ff^V 




(A.15) 

RARARARARAR + ■■■ 



Here, by contrast, the usual A-roof genus is replaced by the A-roof genus of a twisted 
curvature Rh, namely the Riemann curvature form associated to the twisted connection 
r + H rather than the usual Levi-Civita connection F. (The same substitution that's 
standard in supergravity theories, in other words.) Thus, the new index theorem is phrased 
in terms of 

sinh(^H/2) ^^-^^^ 
which has the same expansion as before. 

Now, calculating this A-roof genus is less useful in practice - expanding out Rh in 
terms of R and H gives F ■ H cross terms, for example. 

However, in the case at hand, matters simplifies enormously. 

Note that the A-roof genus expansion above contains only forms whose degrees are a 
multiple of 4 - this is true both for ordinary and the if-twisted A-roof genus. 

That fact means that when evaluating either the ordinary or Bismut's version of 
Riemann-Roch on a complex three-fold, with a gauge bundle with vanishing first Chern 
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class, the only contribution can come from the Chern character of the gauge bundle - there 
cannot be any contribution at all from the i?'s. This is why the number of generations on 
a three-fold involves only C3 of the gauge bundle, and not any curvature of the tangent 
bundle. 

In particular, detailed knowledge of the if-twisted A-roof genus is completely irrele- 
vant for counting the number of generations on a threefold with trivial canonical bundle. 

Thus, the number of generations is counted by |c3, both for the standard Calabi-Yau 
case, as well as for non-Kahler cases, for gauge bundles with vanishing first Chern classes, 
on complex three-folds. 

Mathematically, this result should not be too surprising. As pointed out to us by 
108|] , the operator d + H^^'"^^ is homotopic to d (just multiply H hj t and send t to zero). 



as a result of which, the two operators should have the same index theory. So not only is 
the number of generations counted by C3 in the case ci = 0, but in general as well. 

For the same reasons, the cohomology class of the A-genus of F-fif is the same as that 
of the Levi-Civita connection F - so actually doing more general calculations with Bismut's 
result is easy, as one does not have to worry about how precisely H enters equations. 
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